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s U ~I ~1 :\ P. Y 
The objectivc of this resc3rch \,as to uetcnill(, the in-plane shear 
stiffness and strength of a reinforced concrete ~recimen, l\'hicl1 had 
first been cracked in uniaxial tension. This information could then 
lead to a more accurate analysis or reinforced concrete structures 
using the finite clement method. 
Tests were devised that enabled the effects of al!gregate interlock and 
of do\\'cl action in slab type specimens to be studied independentJ;'. 
As the aggregate interlock and 00l,c1 act i on specimens "ere simi Iar and 
were loaded in the same way, a direct compari~on of thl' test results 
could be made. The composite effects of aggregate interlock and do\\'e! 
action were then studied by applying the same shear 10aJinS: to cracke'! 
reinforced concrete specimens. 
The shear stiffness and strength due to ahgrl'.:;att' interlock were 
trrically found to be two to four times ao. great as those due tu J0hC J 
action. It was also observed that the crack in the aggregate interloc~ 
tests tended to ~iden as shear slip occurred. l'his is an effect hhich 
has received very little attention in the past. The stiffnes:; nOllnal 
to the crack that restrains crack \'iiucning, and the initial crack 
width ~cre both observed to have a sign i ficant in flucnce on tiw 
aggregate interlock shear stiffness. The b('h:1\' iour of the rc i nforcl'd 
concrete specimens was similar to that "'hieh I,as expected fl'\)m the 
results of the dowel action and aggregate interlock test~, if the 
additional effects of local bond were LikclI into eOllsitlcr;ltion. 
Several analytical models of the micro mechanism.; of she:u resist:mce 
wi thin tl',c specimens ",ere studied and fOrnlul ill' "cre deri vet! t 0 I'rcd i-:t 
their behaviour. A matrix equation for the rnatcI'ial pr(lp<'rt il'~ fl\}' 
cracked concrete was derived and llsed in a finite' clement analysis 
in an attempt to model the behaviour of a reinforced ,'oncrt'tc 
structure. 
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C HAP T E R ONE 
rt-.'TRODUCTION 
1.1 Historical background 
For over a thousand years concrete has been used as a construction 
material. It was originally used, like masonry, to withstand 
compressive forces and also, like masonry, it was found to be weak in 
tension. The use of concrete as a flexural material, withstanding 
compression and tension, was developed by the French, over a hundred 
years ago, by the addition of reinforcing steel, embedded within the 
tension zone of the concrete. The concrete still cracks at a relatively 
low tensile stress, but by a redistribution of iTltcrnal forces, the 
reinforcing steel carries most of the tensile portion of the applied 
flexural load. Reinforcement is most commonly used today in the form of 
deformed steel bars of high-yield steel. There is a complex interface 
interaction between the concrete and the reinforcement in a cracked 
tension zone. 
Since the 1960s there have been considerable advances in the lise of 
matrix methods of analysis. One of the most versatile of these methods 
is the finite element method. This method models a structure of 
continuous form by dividing it into a number of discrete elements. Each 
element is assigned physical properties which approximate to those of 
the real structure and is connected to adjacent elements at nodal points. 
Constraints are placed upon the possible displacement field within each 
element so that the boundaries of adjacent elements always remain 
coincident. Using the displacement method, a stiffness matrix for each 
element can be formulated, relating the nodal forces to their respective 
nodal displacements. An overall stiffness matrix can then be assemblcJ, 
incorporating the stiffness matrix for each finite clement. For a given 
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nodal load matrix the nodal displacements can then be determined by 
inverting the stiffness matrix or otherwise solving the sets of 
simultaneous equations. 
The development of matrix methods of analysis has been paralleled 
by the development of computer hardware and software capable of 
manipulating matrices of large magnitude and hence the use of the finite 
element method for solving structural analysis problems has become 
increasingly popular. Initially the physical properties of structures 
under investigation were assumed to be linear and elastic. Research 
was directed into the development of higher order elements which modelled 
complex element shapes and stress distributions with greater accuracy. 
More recently, however attention has been focussed on the use of 
iterative methods, combined with the finite element method to model the 
behaviour of structures with non linear physical properties within the 
working load range. However unless the material properties of the 
structure are realistically modelled there is little point in using 
more sophisticated analysis techniques in an attempt for greater 
accuracy. 
1.2 Modelling of the material properties of reinforced concrete 
The ability to use finite element methods of analysis for structures 
with non linear physical properties makes it particularly suitable for 
analysing reinforced concrete structures. The non linear physical 
properties of both concrete and reinforcing steel have been well 
investigated in the past and several models have been developed (1, 2, 3) 
describing their respective behaviour. Concrete is neither homogeneous 
nor isotropic but on the macro scale may be considered as such. Methods 
are available for smoothing out the effects of the reinforcement or 
otherwise including it into the structural stiffness matrix. However, 
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once tensile cracking has occurred, there is a complex interaction 
between the concrete and the reinforcing steel for which no accurate 
model is yet available. 
Because concrete is relatively weak in tension, tensile cracking may 
well occur at a quite low level of loading. This cracking results in 
a large change in the axial stiffness of the reinforced concrete. The 
concrete between cracks still carries some tensile forces, which are 
transmitted through the reinforcing steel by bond actl0n bet~een the 
surfaces of the two materials. Research (4, 5) has shown that this 
bond action is primarily a mechanical keying by the deformed surface of 
the reinforcing steel with the concretc. At higher stress levels, the 
bonding gradually breaks down until finally the axial stiffness of the 
reinforced concrete becomes that of the reinforcing steel alone. Post-
cracking interaction of this kind bet~een concrete and reinforcing steel 
is known as tension stiffening. An accurate knowledge of the tension 
stiffening effect is needed to model the post-cracking direct stiffncss 
of reinforced concrete using the finite element method. HoweVer it 
may also be needed in order to model the behaviour of cracked reinforced 
concrete under shear loading. 
Cracks form and propagate in reinforced concrete in a direction normal 
to the direction of principal tensile stress. If the crack surface 
were plane and the cracks opened normal to these surfaces, there would be 
no shear transfer across the cracks. However, shear transfer does occur 
in practice and so a value for the stiffness in shear of a cracked 
region is needed for use in a numerical analysis. Three areas where 
shear transfer across cracks does occur have been identified. 
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1. Anisotropy of the structural material may cause the directions of 
principal stress and principal strain not to coincide. For example 
reinforcement crossing a crack at an oblique angle may transfer shear 
forces even though a direct load normal to the plane of cracking is 
applied. 
2. Tensile cracking of the concrete may result in a redistribution 
of the internal forces, causing a shear force to be transferred,across 
the cracks, even though the applied load is unaltered. In a simply 
supported beam with a central concentrated load flexural/shear cracks 
propagate from the beam soffit towards the neutral axis. Taylor (6) 
has demonstrated that up to 75% of the shear carried in the beam may be 
transferred across the cracks. This is only possible if the internal 
forces have been modified by the cracking. 
3. If the directions, the relative magnitudes or the points of 
application of the external loadings are altered subsequent to tensile 
cracking then shear will be transferred across the cracks. One example 
of this could occur in a composite steel/concrete bridge deck. Once the 
concrete slab has been cast onto steel I-beams the fa1sework is removed 
and transverse hogging cracks may occur over the support regions. In a 
long span bridge the neutral axis is several slab thicknesses below the 
slab and hence the cracks are effectively axial tensile cracks. ~~en 
the bridge deck is subsequently subjected to lateral wind loading, this 
shear loading must be transferred across the cracks to the supports. 
1.3 Mechanisms of shear transfer in cracked reinforced concrete 
The micro mechanisms involved in transferring shear across cracks in 
reinforced concrete are complex and not well unJerstood. In the past 
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many simple approximations have been used for the shear stiffness of 
cracked reinforced concrete. When the analytical techniques were also 
quite simple, this was adequate. However, now that intricate structures 
with complex stress distributions and non linear physical properties 
can be analysed, a deeper understanding of the internal mechanisms and 
the distribution of forces is required. 
Shear forces will be transmitted across a crack by any material project-
ing from one side of the crack to the other. The reinforcing steel 
is primarily intended to carry axial tensile forces. If the reinforcing 
steel crosses the crack obliquely, there will be a component of its 
axial force, F
t
, parallel to the crack, which will transmit shear force, 
(Figure 1.1). The stiffness of this mechanism of shear transfer will 
depend upon the anchorage stiffness of the reinforcing bars, the 
reinforcement ratio and the angle at which the reinforcing steel inter-
sects the crack. 
Shear can also be transferred across a crack by a shear force, Fd , on 
the reinforcing steel normal to the longitudinal axis. This mechanism, 
known as dowel action, may be activated when there is a shear slip 
between the two crack faces. The reinforcing steel acts as a dowel, 
keying the two faces together. The shear stiffness of the dowel action 
mechanism will depend upon the flexural and shear stiffness of the 
reinforcing steel, together with the bearing stiffness of the material 
supporting the dowel bar reinforcement, adjacent to each crack face. 
The third mechanism of the transfer of shear across a crack is the 
contact and interlocking of aggregate particles and surface roughness 
of the crack. ~~en reinforced concrete cracks in tension, the line of 
weakness is usually the interface between the cement matrix and the 
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aggregate particles. Aggregate particles are thus left embedded in 
each crack face, with their respective "pockets" on the opposite face. 
A shear force across the crack causes interlocking of these asperities 
(Figure 1.2). The degree of contact will depend upon such factors as 
the initial crack width, the size of the aggregate particles and the 
degree of embedment. As the crack faces slip across each other, there 
will be a tendency for the faces to both crush and slide apart. This 
increase in the crack width will cause an increase in the tensile 
forces in the reinforcing steel, and hence cause normal compressive 
forces on the crack face due to equilibrium. Thus it is to be expected 
that both the degree of crack widening and the axial stiffness provided 
by the reinforcing steel, normal to the crack, will influence the shear 
stiffness due to aggregate interlock. Hence the breakdown of local bond 
between the reinforcement and the concrete will influence the shear 
stiffness of cracked reinforced concrete, as well as the direct stiffness. 
The shear stiffllCSS of a cracked reinforced concrete element must depend 
upon the spacing and width of the cracks which might be expected to 
occur. ~1uch work has been done (7, 8) on the study and prediction of 
the spacing and width of cracks on the surface of reinforced concrete 
with respect to corrosion of the reinforcing steel and the visual 
impact of the surface. However, for examining the effects of dowel 
action and aggregate interlock attention must be focussed upon the 
variation of the crack width beneath the surface of the concrete. It 
is to be expected that the entire crack width profile beneath the 
surface of the concrete will influence the shear stiffness of the 
reinforced concrete and hence it is necessary to investigate the form 
of this profile. 
- 7 -
The relative effects of aggregate interlock and dowel action will also 
depend upon the type of structure under load and the configuration and 
sequence of loading. In a beam, without vertical shear stirrups, 
one would not expect the effects of dO\·;el action to be significant. 
The concrete supporting the reinforcement has little bearing stiffness 
(Figure 1.3). Once horizontal dowel cracking is initiated it will 
propagate quickly and the dowel action stiffness then becomes negligible. 
In a beam with shear stirrups or in a slab under in-plane shear loading, 
the support to the reinforcing steel acting as dowel bars is more 
substantial and the effects of dowel action may be more significant. 
It is necessary therefore, to decide upon the probable application of 
the investigation before designing test specimens and a loading 
arrangement. 
1.4 Scope of the research 
The research prograrrme W:lS planned to investigate the transfer of in-
plane shear forces in cracked reinforced concrete slabs and membr~nes. 
This was to supplement a continuing programme of research at the 
University of Warwick on steel-concrete composite beams. 
It was decided to limit the area of interest to the study of shear 
transfer across a single crack with the reinforcement always normal to 
the plane of cracking. It was considered that, ulltil this simple 
problem was fully understood, there was little point in extending the 
research to cover more complex problems. Only increasing monotonic 
loading was to be used, for the same reasons. 
It is often difficult or inappropriate to compare or combine test 
resul ts from different experiments, where the type of loading, the shape 
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and size of the test specimen and the physical properties of the materials 
used in the construction of the specimens may all differ. The research 
program was planned to examine the separate effects of aggregate inter-
lock and of dowel action, using similar test specimens and loading 
configurations. Tests on specimens of normal reinforced concrete were 
then planned, to discover if the stiffness of cracked reinforced concrete 
could be predicted from the separate stiffnesses due to aggregate 
interlock and dowel action. 
The axial stiffness of the reinforcing steel, insitu in the cracked 
reinforced concrete specimens, and the variation of the crack width 
beneath the surface of a reinforced concrete specimen were also investi-
gated. This was because it was thought that the axial stiffness and 
the crack width profile of the aggregate interlock specimens might differ 
substantially from those of the reinforced concrete specimens and hence 
invalidate a direct comparison. 
This study of shear in cracked specimens was planned in association with 
another research programme at the Transport and Road Research Laboratory, 
for the design, construction and testing, to serviceability and ultimate 
failure, of a half scale model of a typical motorway bridge deck. 
Details of this bridge deck are to be found in Chapter 7. It was 
intended that the results of the present tests would lead to a better 
understanding and prediction of the behaviour of this half scale model. 
A finite element analysis of the model was planned, using information 
about the material properties of cracked elements derived from the small 
scale test results. 
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FIGURE 1.1. SHEAR TRANSFER BY THE REINFORCING BARS. 
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FIGURE 1.2. SHEAR TRANSFER BY THE AGGREGATE 
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FIGURE 1.3. DOWEL ACTION IN A BEAM, WITHOUT 
SHEAR LINKS. 
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C HAP T E R TWO 
REVIEW OF PREVIOUS RESEARCH 
2.1 Methods of analysis of cracked reinforced concrete 
2.1.1 Modelling of discrete cracks 
During serviceability loading of a reinforced concrete structure tensile 
cracking can occur, which will cause a significant change in the shear 
stiffness of the structure. There have been several attempts at 
modelling this change in stiffness using the finite element method. 
One method of modelling cracking is to disconnect the nodes of adjacent 
elements when the tensile strength of the material has been exceeded. 
Thus the two elements have nodes with the same spatial coordinates and 
joined together with a spring linkage which represents the physical 
properties of the crack. Ngo and Scordelis (9) used this method to 
model the behaviour of a simply supported reinforced concrete beam. 
Linear horizontal springs were used to represent bond slip between the 
reinforcement and the concrete. Rigid vertical links were used to 
represent the normal interaction between the reinforcement and the 
concrete (Figure 2.1). There were no linkages connecting opposite sides 
of the cracked concrete. 
This model is not very realistic for several reasons. The linear bond 
slip stiffness is an oversimplification. There is no modelling of the 
softening of the concrete beneath the reinforcement due to high bearing 
stresses, nor is shear interaction across the crack considered. There 
is no shear transmitted across the cracks, by aggregate interlock, 
whereas Taylor (6) has shown this to make the greatest contribution to 
the shear transfer. l~wever the most serious limitation is that the 
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crack position and orientation are limited to element boundaries, which 
are fixed when the problem is formulated. In Figure 2.1 the element 
boundaries follow the approximate paths that flexural and shear cracks 
would be expected to follow. This would not necessarily be the case in 
a more general problem. Moreover, the cracks in Figure 2.1 were 
located in the structure at the beginning of the analysis instead of 
being progressively formed as the principal tensile stress in each 
element reached the tensile strength of the concrete. 
Nilson (11) also used the method of disconnecting nodes in a finite 
element analysis to model the tensile cracking of reinforced concrete. 
A non linear spring linkage was used to model the degradation of bond 
between the reinforcement and the concrete. A non linear expression 
was also used for the stiffness of the concrete. Cracking was modelled 
progressively by disconnecting two elements when the mean value of the 
principal tensile stress in the two elements reached the tensile 
strength of the concrete. This meant that a new elemental mesh for 
the structure was defined. The structure was then reloaded increment-
ally until another crack was formed. 
Using this method of analysis, the behaviour of an eccentric reinforced 
concrete tensile member was predicted quite closely. However, there 
were still two drawbacks with the method described. The crack pattern 
is still restricted to the initial element mesh selected and hence the 
solution is dependent upon this mesh. Secondly, no interaction across 
the cracks was allowed for. This did not affect the solution of the 
tensile member chosen because shear or direct forces would not be 
expected to be transferred across the cracks. However, in a more 
general problem the solution may not be so accurate. 
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Houde (10) improved upon the methods of analysis already discussed by 
using spring linkages across the cracks in concrete to represent the 
transfer of shear by aggregate interlock. Similar springs connected 
the reinforcement to the concrete and represented bond action and dowel 
action. This method was then used to analyse a simply supported beam 
(Figure 2.2), where it is known that a significant transfer of shear 
across the cracks occurs (6). Although the predicted behaviour of the 
beam was close to the observed behaviour of a test beam the method 
lacks general applicability. The location of the shear crack was 
predetermined before the analysis was carried out and was present from 
zero loading. Any further cracking during the loading was modelled 
by reducing the entire stiffness of the element concerned to zero, 
instead of disconnecting further nodes. In a structure with significant 
compressive stresses parallel to the direction of cracking this method 
would predict a more flexible behaviour than would realistically occur. 
The representation of discrete cracks by disconnecting the nodes of 
adjacent elements is not a method which readily lends itself to modelling 
the progressive formation of cracks in any position or direction. The 
solutions given by the various methods discussed are all dependent upon 
the original choice of finite element mesh. Cracks are restricted in 
position and direction to the boundaries of the elements. Gergely 
and White (12) have recently reported on a method which simulates 
progressive cracking by redefining the elemental mesh configuration as 
cracking occurs. Hence the crack path is not restricted to the original 
element boundaries (Figure 2.3). However, this method must require 
sophisticated programming and a computer capacity in excess of that 
which is usually available to solve even the simplest of problems. It 
is unlikely therefore that this method will become used in structural 
design. 
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2.1. 2 Modelling of smeared cracking 
An alternative method of modelling the cracking of reinforced concrete 
using the finite element method is to modify the material properties 
of an element to simulate cracking within the element. Hence the effects 
of cracking are smoothed throughout the element instead of being 
represented discretely. In a similar manner the stiffness due to the 
reinforcement can be smeared uniformly through the element if the 
spacing of the bars is relatively small. 
One method of modelling tensile cracking, used by Isenberg and 
Adham (13), is to reduce the direct stiffness of an element, normal to 
the direction of principal tensile stress, when this stress exceeds 
the tensile strength of the material. The direct stiffness parallel 
to the direction of cracking and the shear stiffness remained unchanged. 
Hence, 
°1 1 Dll SD12 0 (1 
8D21 (lDLl 0 (2. 1 ) G·) ( = £2 
T:2 J 0 0 D33 Y12 
describes the behaviour of the material subsequent to cracking in 
parallel to the 1 axis. The terms (l and B were taken to be constants 
between unity and zero. When the direction of cracking is not 
orthogonal to the global axis the material stiffness matrix must be 
transformed from the local cracking axis I, 2 to the global axis. 
One criticism of this method is that the shear modulus, 033' is left 
unaltered after cracking has occurred. Thus the crack is modelled as 
"locking up" in shear, which is not necessarily true in practice. The 
more usual approach is to use 
D33 = n . G 
o 
where 0 < n < 1 
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(2.2) 
when cracking has occurred. Lin and Scordelis (14) and Hand et al. (15) 
both used a value for n which remained constant for all post-cracking 
strains. 
Cedolin and Dei Poli(78) extended this method to improve the modelling 
of actual cracks by making n inversely proportional tq the tensile 
strain, nOI~al to the direction of cracking. This was based upon the 
result that for greater crack widths, the amount of aggregate inter-
locking across the crack is reduced and hence the shear stiffness is 
less. It would be possible to modify this even further by making n 
also a function of the shear strain, y, to model degradation of the 
crack faces for high strains. However, it is clear that none of these 
methods is likely to model accurately the transfer of shear across 
cracks until a deeper understanding of the basic mechanisms involved is 
obtained. It is probable that parameters other than the normal and 
shear strains may affect the transfer of shear across cracks. 
2.2 The influence of local bond upon the direct and shear stiffness 
of cracked reinforced concrete 
2.2.1 Crack dilatancy 
One effect which has received very little attention in the literature 
reviewed is the relationship between the direct stress and the shear 
strain in a cracked reinforced concrete element. ~ben shear strain 
occurs the rough crack faces tend to slide over each other and cause 
the crack to widen. This in turn will cause increasing tensile forces 
in the reinforcing bars crossing the crack and hence compressive forces 
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in the concrete in a direction normal to the crack, restraining further 
crack widening. Thus the material stiffness matrix [0] should contain 
an off-diagonal term, D13 , relating the direct stress to the shear 
strain. 
The tendency for the crack to widen, or dilate, as shear slip occurs 
might also be expected to influence the shear stiffness term, 03j. 
If there was, for some reason, a greater tendency for the crack to 
widen or if there was an increased stiffness normal to the crack restrain-
ing crack widening, this would tend to increase the resistance of the 
I 
crack faces to sliding and hence to increase the shear stiffness. 
To evaluate the effect of crack dilatancy it is first necessary to 
study the anchorage of the reinforcing bars in concrete, which provide 
the normal restraint to crack widening. Equilibrium is maintained 
between the tensile reinforcement forces and the compressive concrete 
forces via local bond at the concrete-steel interface. It is the 
shear stiffness of this local bonding which will determine the axial 
stiffness of the reinforcement crossing the crack. If the reinforcement 
is inclined to the plane of cracking, the axial stiffness will also 
provide a component which directly resists shear across the crack. 
2.2.2 Extensional stiffness of cracked reinforced concrete 
Bresler and Bertero (16) carried out an early investigation into the 
nature of bond between reinforcing steel and concrete. Experiments 
were carried out on cylindrical concrete specimens, reinforced with 
a single, central reinforcing bar (Figure 2.4a). A tensile load was 
applied to the ends of the reinforcing bar, which had been fitted \~i th 
a series of internal strain gauges. A groove was cut around the 
circumference of the cylinder, at the centre of the specimen to 
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predetermine the location of the crack. 
The results of the test, after cracking, showed that high stress 
concentrations were present in the reinforcement at the ends and at the 
central crack. (Figure 2.4b). Between these points, tension is 
transferred into the concrete by bond action and was evaluated by 
subtracting the force in the reinforcement from the applied load. These 
results were correlated with an axisymmetric finite element analysis, 
using a technique developed by Clough and Rashid (17). 
Using these results Nilson (11) derived values for the displacements 
of the steel and the concrete at any point along the bar. From this an 
empirical third order polynomial equation was formulated relating the 
local bond slip to the bond stress. This equation was used to represent 
the stiffness of the bond slip spring linkages, described earlier. 
The analysis carried out by Nilson predicted that a reinforced concrete 
specimen still has a considerably greater stiffness than that of a 
free bar, at steel stresses several times that required to cause the 
concrete to crack. This effect is known as tension stiffening. 
Nilson carried out similar tests to Bresler and Bertero in a later 
paper (18). Strain gauges embedded in the concrete confirmed the strain 
distribution in the concrete, which had previously been obtained in-
directly. The peak bond stress was observed to be dependent upon the 
strength of the concrete. However, the relationship between the local 
bond stress and the slip was also observed to be dependent upon the 
distance from the free crack surface, where the load is applied (Figure 
2.5). This result has not yet been confirmed by further tests, but if 
true will make implementation in a finite element analysis difficult. 
It implies that the stiffness of a bond spring linkage or the direct 
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stiffness of a crack element is not unique but must depend upon the 
position of the link or element within the structure with respect to 
the crack positions. 
Houde and Mirza (19) also conducted tests on similar specimens to 
those described in reference 16 and obtained stress distributions in 
the steel similar to those shown in Figure 2.5. However, the authors 
were able to find a polynomial relationship between the bond stress and 
the slip which was independent of the distance from the crack face. It 
is reported that the distance to the nearest crack face only influenced 
the descending branch of this curve. The initial slope of the curve is 
also seen to be half of that proposed by Nilson (18) which suggests 
that there must be more parameters influencing the bond stress-slip 
relationship than just the magnitude of the local slip. 
In a later paper (20) Mirza and Houde studied the effects of varying 
the cover to the concrete upon the local bond. It was observed that 
increasing the cover caused an increase in the amount of end slip for 
the same stress in the reinforcement. However, this was not observed 
I 
to affect the local bond stress-slip relationship. The larger section 
specimens were also observed to carry a greater resultant tensile 
force in the concrete for a given steel stress than the smaller 
specimens i.e. more tension stiffening occurs in the larger specimens. 
Clark and Speirs (21) investigated tension stiffening in reinforced 
concrete flexural members on a macroscopic level. Tests were devised 
to determine the area of concrete associated with each tensile 
reinforcing bar and the rate of decrease of tension within this concrete 
area due to increasing breakdown of the bond with the reinforcement 
at higher strains. 
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It was found that the maximum tension stiffening force increased with 
increasing concrete strength and with an increasing area of concrete 
below the neutral axis. This agrees with the findings of Houde and 
Mirza (20). lIowever, a study of the local bond effect at a microscopic 
level would be expected to be a more fruitful direction to follow. If 
the fundamental nature of local bond and slip is investigated this 
should lead to an understanding and an accurate predictive model of 
the axial stiffness of an embedded reinforcing bar. 
2.2.3 The mechanism of local bond 
Lutz and Gergely (5) studied the problems of tension stiffening, 
anchorage and cracking of reinforced concrete at a microscopic level 
by observing the behaviour of a bar with a single rib. It was deduced 
that bond is comprised of three components: 
a) chemical adhesion, 
b) friction, 
c) mechanical keying of the surface deformations of the 
reinforcement. 
The first two components are the principal mechanism of bond for plajn 
bars, while the third component is the principal mechanism for deformed 
bars. 
The angle of the rib face of deformed reinforcement, (Figure 2.6), was 
only found to influence the bond properties of the reinforcement if it 
was less than 40°. The ribs then tend to wedge the concrete apart and 
cause splitting in the concrete. \'on en the angle of the rib face is 
greater than 40°, bond slip was said to occur in the following \\ay. 
First, there is a progressive crushing of the porous concrete paste in 
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front of each rib. This does not appear to produce significant 
wedging action until considerable crushing has occurred. The crushed 
concrete powder then becomes compacted in front of each rib and moves 
with it. This effectively reduces the rib face angle to 30° to 40° 
and wedging of the intact concrete then occurs, with resulting splitting 
cracks along the axis of the bar. 
An elastic finite element analysis was carried out to model a single 
bar centrally embedded in a cYlinder of concrete. Separation of the 
reinforcement and the concrete was assumed, over a length of 1.5 times 
the bar diameter from each end. Over this region the concrete slip 
was constrained to move along a rib face angle of 59° (Figure 2.7a). 
The resulting deformation of the concrete (Figure 2.7b) suggests that 
the crack width varies significantly below the surface of the concrete. 
It is not clear why the authors constrained the ratio of bond slip and 
separation to an angle of 59° when it was deduced from the test results 
that 40° was the effective angle of the rib face. The internal profile 
of the crack width will inevitably be influenced by the amount of bond 
slip and separation between the concrete and the reinforcement and this 
topic warrants further investigation. 
Goto (22) investigated the formation of internal cracks in a cylindrical 
reinforced concrete specimen by injecting red ink down a small hole, 
adjacent to the reinforcement. Primary cracks were initiated by cutting. 
notches around the circumference of the specimen at various spacings. 
It was discovered that when using parallel ribbed reinforcement, each 
rib initiated an internal radial crack which was inclined towards the 
closest primary crack (Figure 2.8). The height of the internal crack 
from the surface of the bar diminished as the distance to the nearest 
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primary crack increased and the crack direction became more normal to 
the reinforcement. 
The cracks closed up when the steel stress was reduced and so it was 
not possible to obtain an accurate profile of the primary crack width 
from the test results. However, the presence of internal cracks at 
each reinforcement rib suggests that bond slip may occur by bending of 
the internal cantilevers formed by these cracks instead of or in 
addition to sliding and crushing of the concrete. 
It was also reported that at higher steel stresses, an internal crack, 
close to a primary crack, may propagate and reach the surface of the 
concrete and so become a "secondary crack". Unlike the primary cracks, 
the secondary cracks were not normal to the reinforcement and the 
adjacent internal cracks were not inclined towards them. It was 
found that these secondary cracks were less likely to form if the ribs 
on the reinforcement were not normal to the longitudinal axis. 
The theory that bond slip was accomplished by internal cracking and 
subsequent bending of the internal cantilevers formed. rather than by 
crushing and sliding of the concrete over the reinforcement, was 
supported by Mirza and Houde (20). In tensile tests similar to Goto IS, 
but using different specimen dimensions, it was observed that on 
cutting the specimens open with a diamond saw, a clearly defined 
imprint of the reinforcement remained in the concrete. There was no 
evidence of crushed concrete adjacent to the ribs or of polishing of 
the concrete due to sliding. 
Experiments on the effect of the inClination of the reinforcement ribs 
to the bar surface on the bond slip properties of the reinforcement 
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were ~arried out by Soretz and HHlzenbein (23). It was found that 
ribbing closer to 90° to the axis of the reinforcement gave an 
increased bond slip stiffness. However J the relative rib area, defined 
as the ratio of the area of the rib face to the surface area of the 
reinforcement between two ribs, was observed to have a much greater 
influence upon the bond slip stiffness. It was confirmed that the 
angle of the rib face did not affect the bond properties of the 
reinforcement, if it was between 45° and 90°. The internal mechanism 
for bond slip with different rib patterns was, unfortunately, not 
investigated. 
The relative rib area, f , is commonly used on the Continent to define 
l' 
the bond properties of reinforcement. Experiments by Martin (24) on 
reinforcing bars embedded over a short length in concrete have resulted 
in the empirical expression 
1 
x 
-f-
'
-
cc 
a 
o 
+ b !J. 1/8 
o s 
where i the shear stress on the surface of the reinforcement 
x 
f' = the compressive strength of a concrete cylinder 
cc 
6 = the shear slip in cm. 
s 
a
o
' b , B are constant for a given relative rib area, f 
o r 
(2.3) 
From equilibritml the change of stress in the steel over a length dx 
is equal to the shear transferred to the concrete. 
do 
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L u 
A 
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and from comptibility of deformations 
d~ ° ° s sx cx 
dx = ~ (1 -
s °sx 
E 
~ E 
c 
(2.5) 
where 0sx' 0cx = steel and concrete stresses at a distance x from the 
primary crack face 
E u = circumference of reinforcement 
As = area of reinforcement 
The values of a ,b and 8. found experimentally by Martin, are given 
o 0 
in Table 2.1. 
A numerical solution of equations 2.4 and 2.5 gives the results shown 
in Figure 2.9. It is important to note that the equation 2.3 is based 
upon the concept of bond slip being a frictional sliding mechanism 
which deteriorates at high values of shear Slip. The solution of 
these equations utilizes the assumption·. made by Schiessl (27). that 
strain in the concrete is negligible. Hence the shear slip at the 
end face is equivalent to the elongation of the steel. Equation 2.3 
does not involve the geometry of the concrete in which the reinforcement 
is embedded, because it is assumed to be rigid. However, this 
assumption cannot be completely valid because it has been shown (21) 
that altering the size of the specimen results in a different tension 
stiffening effect in the concrete. 
2.2.4 Internal crack widths 
The local bond between the concrete and the reinforcement will not only 
affect the shear stiffness of a crack by influencing the direct tensile 
s~iffness normal to the crack. The local bond may also influence the 
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width of a crack within a reinforced concrete specimen and hence affect 
the interlocking of the aggregate particles. 
One of the first studies of internal cracks was carried out by Broms (26). 
Using a similar testing procedure to that later used by Goto (22), the 
author injected coloured epoxy resin into internal cracks. When the 
resin had hardened, the tensile force on the reinforcing bar was removed. 
The specimen was then cut open adjacent to the bar to reveal the cracks. 
It was not possible to corroborate Goto's findings, that each rein-
forcement rib initiated an internal crack, because the reinforcing bar 
itself was not visible. The author was more interested in the relation-
Ship between the spacing and the length of internal cracks. For the 
cracks in the specimens which did propagate to the surface of the 
specimen, the author measured the surface crack width to be about three 
times that of the width at the surface of the reinforcement. 
However, Broms did not find any secondary cracks reaching the surface 
adjacent to primary cracks. The largest internal cracks tended to be 
those furthest from the primary cracks, which was the opposite of the 
results found by Goto. The theory which Broms (26) used to explain 
his results seems oversimplified. All the tensile force in the reinforce-
ment is assumed to be transferred to the concrete at the primary crack 
face. There is assumed to be no internal interaction between the 
reinforcement and the concrete. Disparity between the test results and 
those of Goto may be due to the differing geometry of the test specimens. 
By using crack initiators, Goto forced his primary cracks to form at 
almost the maximum spacing normally found to occur. Broms did nothing 
to predetermine the location of primary cracks and this may explain why 
secondary cracks did not appear on the surface. 
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The tests of Goto were repeated by Illston and Stevens (27), using 
reinforcement with ribs inclined to the axis of the bar instead of 
normal to the axis as previously used. A resin injection technique, 
similar to that developed by Broms, was used to examine the internal 
cracking. The results differed from those of Goto in several, respects. 
Cracks were not in general found to be initiated by reinforcement ribs 
and were far less numerous. No secondary cracks were observed and 
primary cracks were found to have significant widths at the surface of 
the reinforcement. The ratio of the widths at the surface of the 
concrete and at the surface of the reinforcement was about two to one. 
It is possible that, like Broms, Illston and Stevens did not observe 
secondary cracking because the use of surface crack initiators, to 
obtain the maximum possible crack spacing, is not reported. If the 
crack spacing is large, the longitudinal displacement of the steel 
relative to the concrete adjacent to a primary crack face will be high. 
Hence an adjacent internal crack may propagate to the surface of the 
concrete. However, it is also probable that the use of inclined ribbed 
reinforcement in place of lateral ribbed reinforcement had an influence 
upon the test results. The inclined ribbing may cause a reduction in 
the local bond stresses and a greater tendency for slipping instead of 
internal cracking. This would explain the absence of internal cracks 
at every rib, as found by Goto, and also the high crack widths at the 
surface of the reinforcement. 
An attempt to model the shape of a crack by carrying out a three 
dimensional finite element analysis of a tensile reinforced concrete 
specimen is reported by Johnson (28). The displacement of the end 
faces, which can be considered as crack faces, is shown on Figure 2.10. 
This analysis has not yet been extended to include bond slip or any type 
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of internal cracking and hence the crack profile obtained is probably 
unrealistically narrow close to the reinforcement. 
Bresler and Bertero (16) carried out an axisymmetric finite element 
analysis to model a cylindrical reinforced concrete tensile specimen. 
Adjacent to the reinforcement the Young's modulus of the concrete 
elements was reduced to model bond slip. This had the effect of 
changing the tapered crack, obtained without bond slip. into a crack 
which was of nearly uniform width. (Figure 2.36). The crack shape is 
closer to that found by Illston and Stevens, using inclined ribbing, 
than by Broms, using lateral ribbing. It can be inferred that slip 
between the concrete and the reinforcement does influence the internal 
crack width and the geometry of the rib may affect the degree of slip. 
It is apparent from this review that the problem of predicting crack 
widths has not been completely resolved. The type of reinforcement 
used does seem to influence the variation of the crack width beneath 
the surface of the concrete and also the formation of internal cracks, 
between the principal cracks. None of the investigations into internal 
crack width variation has considered the use of double helical ribbed 
reinforcement, e.g. GKN Torbar. As this is one of the most common rib 
patterns used in the United Kingdom. it was chosen for use in this 
project and hence it will be necessary to determine how its use influences 
the internal crack width profile. It is also not clear whether the 
relative rib area is a useful parameter to describe the anchorage 
properties of this type of bar. It will certainly be necessary to 
correlate the axial tensile stiffness of this type of reinforcement 
embedded in concrete with the existing formulae described. before they 
may be used with confidence. 
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2.3 Dowel action in cracked reinforced concrete 
2.3.1 Mechanisms of dowel action 
Dowel action is the transferring of shear forces by reinforcing bars 
which cross a crack and resist flexural or shear forces normal to the 
axis of the bars. Paulay, Park and Phillips (29) identified three 
separate mechanisms by which shear can be transferred across a crack by 
the reinforcement. 
1. Direct shear of the reinforcement 
This is the primary deformation mode which occurs when the span to depth 
ratio of a fixed-ended beam is less than unity, (Figure 2.1la). The 
ultimate shear capacity of a circular bar is given as 
A f 
s y 
13 
(2.6) 
Although the bar diameter may be two orders of magnitude greater than 
the crack width, direct shear is not considered to be an important mode 
of deformation. The concrete surrounding the bar is not rigid and 
hence the effE'ctive span of the bar will be much greater than the crack 
width. Failure is more likely to occur by crushing of the concrete 
beneath the bar or by tensile splitting rather than a shear failure of 
the steel. 
2. Kinking of the reinforcement 
If the shear slip causes a large deformation of the reinforcement, the 
component of the axial reinforcement force parallel to the crack will 
resist shear (Figure 2.llb). If the reinforcement is not normal to the 
direction of cracking there will be considerable shear transfer through 
axial forces in the reinforcement, without kinking, and a knowledge of 
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the axial stiffness of a bar embedded in concrete, discussed in 
section 2.2.1, becomes important. However there has been controversy 
over whether sufficient kinking of the reinforcement across a crack 
does occur to be significant. 
In his original yield line theory Johansen (3,0) ignored kinking of 
reinforcement passing obliquely across a crack. Wood (31) found that 
this assumption gave over-conservative result s for the ultimate strength 
of a reinforced concrete one-way slab and proposed a "complete kinking" 
theory. Hence the ultimate force normal to the crack was given by 
A f and not A f cos 8 as suggested by Johansen. 
s y s y 
Further tests by Kwiecinski (32), Prince and Kemp (33) and Mills (34) 
suggest that there is a partial kinking of the reinforcement across 
cracks. Morley (35) did not find significant distortion of the rein-
forcement across cracks but suggested that this might be because the 
crack often tends to travel parallel to the reinforcement when it is 
close to the reinforcement. Thus for a given crack width, the distortion 
of the reinforcement from its original orientation becomes insigni fieant. 
All these studies have been carried out by observing the flexural 
behaviour of a slab with reinforcement oblique to the axis of principal 
moment. In a situation where tensile forces cause cracking in a slab 
and shear is subsequently applied to the crack, kinking may be more 
significant. However, it is necessary to develop large shear 
displacements across the crack before the reinforcement wi 11 deviate 
substantially from its original line. This will again be lir.lited by 
the concrete strength and, like shearing, kinking is not generally 
considered to be an important mode of shear transfer. 
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3. Flexure of the reinforcement 
This deformation mode becomes significant when the span of a fixed-ended 
beam is greater than its depth, (Figure 2.llc). The relatively low 
stiffness of concrete means that this is probably the most important 
mode of behaviour of a dowel bar. Friberg (36) identified three compon-
ents of deflection due to bending of the bar. 
t::. total = !J. o 
where t::. is the bending deflection within the concrete, 
o 
w is the crack width 
and t::. is the bending deflection across the crack. 
w 
(2.7) 
However, the size of a crack is usually so small that only the first 
term in this equation is important. 
2.3.2 Modes of failure of dowel bars 
The ultimate fai lure of a dO\vel bar will depend upon the type of 
specimen tested. Jimenez, Gergely and White (37) identified the follow-
ing different types of failure. 
A dowel bar will initially follow the load-deflection curve A in 
Figure 2.12. At a fairly low load level internal radial cracks form in 
the concrete due to the localised bearing stresses. If the concrete is 
well restrained or there is a high cover to the dowel bar these cracks 
wi 11 not propagate to the surface. Fai 1 ure wi 11 ult imate ly occur by 
crushing of the concrete beneath the bar or by yielding of the bar in 
bending. 
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Where there is little support given to the reinforcement once cracking 
has commenced, the crack will propagate along the bar and failure will 
be immediate. This is a typical mode of failure in an over-reinforced 
beam without shear links and is shown by curve B on Figure 2.12. 
Stanton (38) carried out a plane stress elastic analysis to model a 
dowel bar embedded in concrete. The circumferential tensile stress 
a~ was given by 
(2.8) 
where Fd is the dowel force per unit length of bar 
and R is the radius of the bar. 
v is a parameter dependent upon the location of the point of 
interest. 
e.g. V = 0.688 beneath the dowel bar 
and V = 1.274 on a radius nernendicular to the applied force vector 
Thus a radial splitting crack which is normal to the direction of the 
dowel force will occur unless confinement of the concrete or a local 
plane of weakness causes radial cracking in another direction. 
If shear links or lateral reinforcement are provided which give support 
to the reinforcement then curve C will describe the load-displacement 
response. Failure will then occur when the dowel bars yield or when 
the secondary steel yields or fails in shear itself. It can be seen 
from these curves that dowel bars in a beam will behave quite differently 
from those in a cracked slab under in-plane shear loading. The results 
of tests on beam type specimens are only relevant to the present study 
at ioads below that which causes dowel cracking along the axis of the bar. 
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The authors also reported that the presence of an axial tensile force 
in the reinforcement caused the beam type of specimen to split at a 
lower load (curve D). It is not clear however what would be the effect 
of an axial force on a dowel specimen which was not prone to splitting. 
2.4 Dowel action tests 
The tests on dowel action which have been carried out can be subdivided 
into three groups 
- Divided beam tests, in which the central part of the beam is 
cast separately from the rest of the beam. Dowel forces are applied 
by loading the central region (Figure 2.l3a). 
- Beam end tests, in which a specimen is cast and loaded to 
simulate the state of stress in the end of a beam after shear cracking 
has occurred (Figure 2.l3b). 
- Direct shear tests, in which the dowel bars are embedded in 
slab type specimens and then loaded with in-plane shear (Figure 2.13c). 
2.4.1 Divided beam tests 
The divided beam test has been used by a number of research workers (39, 
40) studying the dowel action mechanism. The test applies simultaneous 
shear and axial tension to the reinforcing bars. The relative 
propart ions of these forces is determined by the geamet ry of the beam 
and the centre section. 
All the divided beam specimens failed ultimately by the formation of a 
splitting crack, propagating along the axis of the reinforcing bar. 
This crack would occur on the side or the soffit of the beam depending 
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upon the relative cover in each direction. It is only the behaviour 
of these specimens before splitting cracks occurred which is of 
relevance to this study. 
It was observed that increasing the tension in the reinforcement tended 
to "soften" the concrete and hence reduce the shear stiffness of the 
dowel mechanism. Krefield and Thurston (39) discovered that with a 
very large concrete cover to the reinforcement, the splitting of the 
concrete was more gradual and the shear stiffness before splitting 
failure was greater. Increasing the diameter of the reinforcement 
resulted in a greater dowel stiffness before cracking occurred but the 
, 
ultimate load was in fact lower. This is probably because the area of 
concrete resisting splitting was reduced by using larger diameter bars. 
Empirical formulae were derived by both authors to describe the 
behaviour of dowel bars. However, these would ~pear to be limited in 
their applicability to specimens of similar geometry. 
2.4.2 Beam end tests 
In a beam end test there is again very little concrete supporting the 
.bar (Figure 2.13b) and the failure mechanism is the tensile 
splitting of concrete around the reinforcement. A greater degree of 
control is available over the axial tensile stresses in the reinforce-
ment than with the divided beam tests. The beam end test can also be 
used to examine the anchorage properties of reinforcement with or 
without dowel forces present. 
Houde (10) carried out a number of tests on beam-end specimens and 
observed similar results to those of the tests on divided beams. It 
was also observed that the dowel capacity was not influenced by the 
axial force in the reinforcement if this was less than 60% of the 
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ultimate axial force. The influence of the axial force upon the dowel 
stiffness before cracking was unfortunately not examined. 
Beam end tests by Fenwick and Paulay (41) revealed the importance of 
the orientation and position of the reinforcement during casting upon 
the dowel stiffness. During placing and compaction of the concrete 
air and excess water tends to become trapped beneath the reinforcement 
and this results in a layer of softer and weaker concrete. This effect 
is more significant for bars close to the upper surface. If the dowel 
loading is subsequently applied such that the bars are supported by 
this weaker region (Figure 2.14), the dowel stiffness can be reduced 
by up to 40%. 
2.4.3 Direct dowel tests 
In the direct dowel tests the reinforcement is embedded in a slab and 
is subjected to in-plane shear. The splitting stresses in the concrete 
are the same as before but the major difference is that when splitting 
starts to occur, there is sufficient concrete beneath the reinforcement 
to permit a redistribution of the internal forces. The bearing stress 
beneath the reinforcement increases, but the splitting crack docs not 
propagate. Failure is either by yielding of the reinforcement or by 
bearing failure of the concrete. 
During an investigation of construction joints, Paulay, Park and 
Phillips (29) tested a few direct shear specimens with a smooth, waxed 
interface, so that only dowel bars resisted the shear. The results 
indicated that the ultimate dowel load was proportional to the area of 
cross section of the reinforcement, irrespective of the diameter of 
bar used. From the three models of dowel action examined (Figure 2.11) 
it was deduced that the mechanism of shear transfer must be due to 
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kinking or direct shear of the bars. This deduction is not in agree-
ment with the results and theories of other research discussed in this 
Chapter. However, Walraven (42) has shown that if the model of a 
beam on elastic foundations is used to describe the behaviour of 
dowel bar bending, instead of the fully fixed, free-spanning beam in 
Figure 2.llc, the results in Figure 2.15 are compatible with this 
theory. 
Den Hartog (45) analysed a semi-infinite beam on an elastic foundation 
(B.E.F.) with a point load, Fd , at the end (Figure 2.16). The end 
deflection was given by 
(2.9) 
k 1/4 
where e = (4 E I) 
s s 
and k is the stiffness of the spring foundation, per unit length of 
beam. Now if the beam is considered as a cylindrical bar, 
I 
s 
= 'IT cfl4 
64 
If Gf is the foundation modulus for concrete (in units of force x 
length- 3), 
then k = Gf ¢ 
Hence 
Fd = C ~o 
1.75 
ct> E s 
0.25 
(2.10) 
This would explain why the curves in Figure 2.15 have similar initial 
stiffnesses. However, the model predicts a linear load-deflection 
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behaviour and hence will not predict the failure mode or the ultimate 
load of a dowel bar. 
Elliott (46), Stanton (38) and Jimenez, Gergely and White (37) all 
used direct shear specimens to study the effects of dowel action. In 
each test series it was noted that the early part of the load-deflection 
curve for dowel bars could be modelled quite closely by the B.E.F. 
analysis. 1I00\,cver, this analysis was in each case found to give a 
poor correlation with experimental results after the onset of concrete 
crushing beneath the dowel bars. 
A simplified B.E.F. model was developed by Dulacska (43, 44) to predict 
the ultimate failure load of a series of direct shear tests (Figure 2.17a). 
The B.E.F. theory predicts that the distribution of reaction loads 
supporting the beam is that of a damped sinusoid (Figure 2.l7b). This 
was simplified by the author to a triangular distribution (Figure 2.17c). 
Furthermore, where the concrete stress has exceeded the crushing stress 
the concrete was assumed to behave plastically. Ultimate failure occurs 
when the plastic moment in the bar is reached. The ultimate dowel 
force was given by 
fcc 1/2 
= 0.2 ~2 fsy sin0e[1 + 0.03 f sin20] - 1) 
sy 
where f = yield stress of the steel sy 
e = angle of inclination of the dowel bar 
f = cylinder crushing strength of concrete. cc 
When 0 = 0, this equation simplifies to 
1/2 f 1/2 Fdu = 1.16 ~L fsy cc (2.11) 
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The nearly elastic-plastic behaviour of the test specimens (Figure 2.18) 
was consistent with the proposed theory of failure. However the 
concept of plasticity in concrete once the ultimate compressive stress 
is attained is not very credible. This probably explains why the 
author was unable to derive a fundamental relationship for the load-
deflection response of a dowel bar before ultimate loading was reached. 
Instead an empirical expression was found to fit the test data. 
A similar expression to equation 2.11 was derived by Rasmussen (47) 
to predict the ultimate capacity of reinforcement or bolts embedded 
in concrete. The stiffness of the concrete is assumed to dtminish 
once the compressive 3trength is reached at the face of the crack. 
The load is therefore redistributed to the concrete further away from 
the crack (Figure 2.19) until a plastic hinge ultimately forms in the 
bar at some distance remote from the crack face. 
The theoretical model of dowel failure proposed by Dulacska and 
Rasmussen agrees quite closely with the experimental results. However 
it should be realised that this type of failure will only occur if the 
concrete is sufficiently well restrained not to fail first in splitting. 
The model does not consider what the predicted failure load will be if 
the dowel force is combined with axial tension, as will usually occur 
in practice. It is clear that the ultimate plastic moment of the bar 
will be reduced by an axial force. It is reasonable to expect however 
that the axial tension in the bar may also damage the concrete 
supporting the bar. This would cause a more rapid redistribution of 
the bearing stress resultant away from the crack and hence cause a 
reduction in the initial dowel stiffness and in the ultimate dowel 
force. 
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White and Gergely (48) carried out some direct dowel tests with 
superimposed axial tension in the reinforcement. It was observed 
that with zero axial stress a foundation modulus of 820 N/mm3 was 
present. As the axial stress was increased, the foundation modulus 
decreased linearly, until with an axial stress of 350 N/mm2 the 
foundation modulus was 410 N/mm3 • 
Walraven (42) argued that, as well as softening of the concrete 
foundation beneath the reinforcement. a tensile force in the bar may 
cause internal cracking of the type discovered by Goto (22), (Figure 2.8). 
If the internal cracks adjacent to the primary crack propagate and 
meet it, the effective free length of the reinforcement unsupported by 
concrete will be considerably greater than the measured crack width. 
Flexure of the reinforcing bar over this unsupported length will also 
reduce the dowel stiffness. 
An empirical expression for the dowel force as a function of the shear 
slip and the crack width was proposed. based upon the test data from 
reference (29) and (46) 
0.36 
Fd = 10(C + 0.2)-1 ~ 
w s 
1 .75 
<P 
where Fd is the dowel force in Newtons 
f 
cu 
~ and C are the shear slip and the crack width in mm 
s w 
(2.12) 
f is the crushing strength of concrete in N/mm2 and ~ is the 
cu 
bar diameter in nun. 
To summarise the research work presented, it would seem that the B.E.F. 
model can predict with a reasonable accuracy the initial stiffness of 
a dowel bar whilst the concrete is still clastic. However, once the 
- 37 -
concrete starts to crush or split locally the model is no longer 
realistic. It may be possible to model this localised damage by 
redUCing the overall foundation modulus for the concrete,but at best 
this will only be an empirical approximation which is unlikely to be 
generally applicable. In the absence of tensile splitting causing 
ultimate failure, equation 2.11 gives a reasonable prediction of the 
ultimate dowel force. This equation has the advantage that its 
derivation does not rely upon any assumptions about the stiffness of 
locally damaged concrete. More information is required upon the 
shape of the load-deflection curve for a dowel bar once non linearity 
starts to occur and up to ultimate loading. The effects of axial 
loading upon the dowel stiffness and upon the ultimate dowel force 
also need to be studied. 
2.5 A~gregate interlock in cracked concrete 
When reinforced concrete cracks in tension the reSUlting crack faces 
are rough and irregular. The aggregate particles will either remain 
embedded in the concrete and project across the crack or they may be 
fractured by the crack. The degree of fracture must depend upon the 
relative strengths of the concrete mortar and the aggregate and also 
upon the strength of the bond between these two constituents. 
If there is a subsequent displacement of the two crack faces, parallel 
to the plane of cracking, the crack asperities will interlock with the 
opposite crack face and resist the displacement. The interlocking 
faces are unlikely to be normal to the plane of cracking and so there 
is a tendency for the crack to wedge open. Reinforcement crossing 
the crack will provide a restraint to this crack wid~ling. 
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2.5.1 Tests on aggregate interlock 
One of the early investigations into aggregate interlock, was carried 
out by Fenwick and Paula)' (41). A concrete specimen was cracked by 
applying an indirect tensile splitting force. A direct shear load 
was then applied incrementally to the crack (Figure 2. 20a) . After 
each increment of loading the crack width was restored to its initial 
value by applying a compressive force normal to the crack. 
It was observed that the crack width had a large influence over the 
shear stiffness of the crack (Figure 2.20b). The strength of the 
concrete also influenced the shear stiffness, but to a lesser degree 
(Figure 2.20c). All the specimens failed ultimately by additional 
cracking of the specimen, caused by undesirable bending moments remote 
from the crack. It is unfortunate that the normal force, required to 
maintain the constant crack width, is not reported. Hence it is not 
known what tendency there was for the crack to widen. An empirical 
expression was found to describe the shear stiffness of the cracked 
specimens. 
Using a similar testing arrangement, Houde and Mirza (19) observed 
similar trends and also observed that varying the size of the 
aggregate did not influence the shear stiffness. Again an empirical, 
dimensionally inconsistent expression was derived to describe the 
aggregate interlock shear stiffness. 
The tests of Houde (19) and Fenwick and Paulay (<11) are limited to 
values of shear stress less than 1.5 N/mm2 because the specimens were 
prone to flexural fai lure in both cases. However, wi thin this range 
of specimens tested, Houde had a significantly higher shear stiff-
ness, especially for specimens with small initial cracks. It is not 
- 39 -
clear why this difference occurred. It may have ·been due to 
differences in the casting of the specimens or in the stiffness of 
the test rig used. However it does highlight the problems in using 
test results from a particular experiment to derive predictive 
formulae for general application, without an understanding of the 
fundamental mode of behaviour. 
The specimens used by Paulay and Loeber (50) were not prone to 
flexural failure and the ultimate load was reached when the concrete 
on each crack face began to crush. A bilinear force-displacement 
curve was obtained, when the crack width was held constant, (Figure 21). 
The authors attributed this to a "no load slip", during which the 
crack faces were coming into contact with each other. Houde (10) 
disputed this hypothesis and argued that at high stress levels the 
localised crushing of concrete on each crack face would increase the 
area of contact. This could increase the shear stiffness of the 
specimen and explain the strain hardening results obtained. However, 
this would depend upon how the shear forces were being resisted. 
If the mechanism is primarily a frictional one, then the shear stiff-
ness would be independent of the area of contact. 
It was confirmed by~aulay and Loeber that altering the size of the 
aggregate did not significantly influence the aggregate interlock 
shear stiffness. Tests were also carried out using both angular and 
rounded aggregates but no great difference in the test results were 
observed. 
Tests were then carried out in which the crack width was allowed to 
increase proportionally with the applied shear stress. The resulting 
shear stress-displacement curve was then compared to that which could 
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be predicted using the constant crack width test results (Figure 2.2lb). 
The assumption made in making this comparison was that the aggregate 
interlock action is independent of its history i.e. the shear stress 
obtained by opening a crack and then applying a shear displacement 
will be the same as that obtained by shearing the crack at constant 
crack width and then subsequently widening the crack. It can be seen 
from Figure 2.21b that the mean experimental result is rather lower 
than predicted which implies that there may be some history dependence. 
Taylor ( 6) designed a test rig that imposed a predetermined ratio of 
crack widening to shear slip, in order to simulate the flexural 
widening of a tensile crack, resisting shear in a beam. Shear loading 
with an externally applied crack widening is not directly comparable 
with in-plane shear in a slab, where the crack widening is caused by 
internal overriding of the crack faces. However, there were some 
resul ts from this work which are of relevance to in-plane shear in 
slabs. 
It was observed that the ultimate shear capacity increased with 
increasing concrete strength. However, if the concrete strength was 
greater than that of the aggregate used. the ultimate shear strength 
was considerably lower than if a weaker mix was used. The explanation 
for this behaviour was that, for a strong concrete mix, the aggregate 
particles themselves failed in tension and hence there was little 
aggregate interlock action over the resulting smooth crack face. 
With a weaker concrete, the crack followed the aggregate- . 
cement paste interface and the resulting aggregate particles protruding 
from each crack face generated a high level of interlock. 
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Over the last ten years there has been a continuous programme of 
research into shear transfer across cracks in reinforced concrete at 
Cornell University, New York. The main focus of attention has been 
into cyclic shear loading, such as that occurring during an earth-
quake. However, the results of the first cycle of loading are 
relevant to this project and are reviewed here. 
In the aggregate interlock tests conducted by White and Holley (52), 
the crack was allowed to widen as shear slip and overriding occurred. 
The stiffness normal to the crack resisting overriding was held 
constant by using external clamping bars (Figure 2.22a). External 
bars such as these have no bond with the concrete and so their 
effective axial stiffness remains constant until the yield stress is 
reached. 
The specimens were cracked by the application of transverse splitting 
forces to a central notch and the initial crack width was preset 
by adjusting the external clamping bars. Typical results are shO\\1l 
in Figure 2.22b. It was observed that decreasing the initial crack 
width or increasing the normal restraint stiffness resulted in a higher 
shear stiffness and ultimate load. However, contrary to the 
observations of Houde (10) and Paula)' (SO), the use of larger 
aggregates was found to reduce the shear stiffness. This could 
possibly be attributed to the fact that the different sized aggregates 
originated from different sources and perhaps had different strengths. 
Alternatively this difference could be due to the fact that the 
authors tested specimens with very large crack widths (0.75 to 2.5 mm), 
where the use of larger aggregates would be expected to have an effect. 
In all the tests, there was little visible damage to the crack faces. 
- 42 -
Only when the specimens were loaded monotonically to their ultimate 
capacity (2 - 3 N/mm2) was crushed concrete powder and aggregate 
visible inside the crack. 
This work was later extended by Laible. White and Gergely (53) to 
study a wider range of parameters. Both the shear slip and the crack 
width were found to be proportional to the applied shear load in the 
first load cycle, which was at a quite low stress intensity (1.2 N/~o2). 
The nomal force restraining the crack from widening was always 
observed to be less than 65% of the applied shear force. It was noted 
that the shear stiffness of the specimens was sensitive to changes 
in the initial crack width but that the ultimate strength was less 
dependent upon the crack \\'1dt11 but more dependent upon the compressive 
force normal to the plane of cracking. 
2.5.2 Theories of aggregate interlock 
2.5.2.1 Local/global roughness 
Based upon their experimental results Laible, White and Gergely (53) 
put forward a theory that aggregate interlock was comprised of two 
separate modes of behaviour. It was suggested that the roughness of 
a crack face contained a local and a global roughness (Figure 2.23). 
The local roughness was said to resist shear through a bearing or a 
crushing mode of behaviour. The global roughness was said to resist 
shear through a frictional mode of behaviour. It was also argued 
that when the initial crack width was less than 0.25 mrn, the bearing 
mode of behaviour predominated. Thus the shear stiffness was sensitive 
to the initial crack width but there was little tendency for the 
crack to wedge open and so the shear stiffness was not very sensitive 
to the normal restraint stiffness. For an initial crack width of 
O.S mm or greater, the friction mode of behaviour predominated and hence 
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the shear stiffness was not particularly sensitive to the crack width. 
However, there was a tendency for the crack to widen with shear slip 
and hence cause a greater stress normal to the crack plane. Therefore 
the shear stiffness at this stage was sensitive to changes in the 
normal stiffness. 
It was also observed by the authors that the size and the strength of 
the aggregate did influence the shear stiffness of the specimens, 
but that the strength of the concrete did not. This is not consistent 
with the findings of the other research discussed but it can be 
argued that it is in accordance with the local/global roughness theory. 
All the previous tests considered only specimens with crack widths of 
less tban O.S mm. If this is the area where aggregate interlock is a 
bearing action, then the concrete strength would be expected to 
influence the shear stiffness. However in Laible's tests the crack 
width is usually greater than O.S mm. If this is where aggregate 
interlock is a frictional mechanism, the shear stiffness would not be 
expected to be influenced by the concrete strength unless it is 
sufficiently strong as to cause a change in the shape of the crack, 
as discussed. 
2.5.2.1 Sawtooth crack model 
In a later paper, Jimenez, Gergely and Mlite (37) presented an 
analytical model to explain the results obtained. The crack profile 
was modelled as a sawtooth with a mean slope of G (Figure 2.24). 
Hence: 
v = A (0 sinO + T cosG) 
o n 
np = A (0 cosO - T sinG) 
o 11 
(2.13) 
(2.14) 
'. 
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v = total shear force across crack 
an normal stress at the contact area 
T = frictional stress at the contact area 
G = angle of inclination of contact plane 
A contact area 
o 
~p = change in reinforcement tension due to increase in crack 
width 
Eliminating a gives 
n 
A T 
o 
V = ~p tanG + cosG 
The authors then state that the increase in the normal force with 
(2 . 15) 
crack widening was observed to be small and hence the first term in 
equation 2.15 can be ignored. The shear sl ip is then related to the 
friction and bearing stresses described by Laible et al. (53) using 
where Sl and S2 are empirically derived flexibility coefficients for 
the friction and bearing actions. 
A dimensionally inconsistent expression was then formulated relating 
the aggregate interlock shear stiffness to the crack width and the 
stiffness normal to the plane of cracking. 
The elimination of the first term in equation 2.15 is not a rational 
assumption to make. In aggregate interlock tests the reinforcement 
is unbonded and hence the stiffness restraining crack widening will 
be quite low. However, in reinforced concrete the nonnal st iffness 
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will be much higher, for the same reinforcement ratio, because of 
the effects of local anchorage and hence the term 6p can be quite 
large. 
However, one of the strongest criticisms of the sawtooth model of 
aggregate interlock is that it is assumed that the crack faces are 
rigid. Thus the ratio of crack widening to shear slip is constant, 
regardless of the forces restraining the crack from widening. This 
clearly does not match the experimental evidence. A further point 
is that even if the crack faces were perfectly rigid, the ratio of 
crack widening to shear slip would be expected to be influenced by 
the crack width. Using rounded aggregates the mean angle of contact 
between the two crack faces would diminish as the crack width 
increased. 
2.5.2.3 Parabolic crack profile model 
Fardis and Buyukozturk (54) developed a more sophisticated model 
for shear friction than the sawtooth model. It was assumed that there 
was no shear resistance due to aggregate interlock until two particles 
of protruding aggregate carne into contact. At this point there was 
a frictional sliding between the rigid crack faces. The shear force, 
V, was then given by 
V = N tan(G + ¢) (2.16) 
where N is the force normal to the crack 
G is the contact angle 
¢ is the angle of internal friction 
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~ was said to have two components ~ and ~ (n), where ~ is a ~ t ~ 
constant angle of internal friction and ~t(n) is a component of 
friction due to local roughness. ~t(n) degrades with cycling and 
is written as a decreasing function of the number of load cycles, n. 
The shape of the crack face was expressed as a series of parabolic 
segments given by 
2(x - x) tk 
ak - bk + b{l 
k }2 for xk -y = - 2< x < xk tk 
and 
2(x - xk) tk y = ~+b -b{l- }2 for xk < x < xk + 2 k k tk 
This function is plotted in Figure 2.25. 
For a two dimensional model there will be only two points of contact 
over a finite crack length. The tangent of the upper and lower 
curve will have the same slope at each contact point. 
From the overall equilibrium and the geometric shape of the two 
crack faces an expression is derived for the shear stiffness. For 
a two dimensional case, where the crack width is uniform, this may 
be expressed as 
v = Ad ox + b a An Co + e' An ox (2.18) 
where Ad and An are the dowel and extensional stiffnesses of the 
reinforcement, ox is the shear slip, c is the initial crack width 
o 
and band e' are frictional terms derived from equation 2.17. 
a 
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It was then argued that because any crack path is inherently stochastic, 
it is not possible to evaluate the tenus in equation 2.17 and hence 
band e'. However, it was inferred from the qualitative fonu of 
a 
the expression that an increase in the initial crack width will result 
in a decrease in the shear stiffness. An increase in the axial 
tensile force applied normal to the plane of cracking will also cause 
a reduction in the shear stiffness. These trends agree with the 
experimental observations. 
Having developed the model but being unable to evaluate it, the 
authors then suggest that the shear stress-slip relationship is a 
bilinear one. At low slip values, when the crack surfaces have not 
made contact, only dowel action is resisting shear. At higher values 
of shear slip a linear aggregate interlock stiffness is proposed. 
However this proposal is inconsistent with the fundamental aggregate 
interlock model described. The shear stiffness is dependent upon 
the contact angle between the two surfaces (equation 2.16 and 
Figure 2.25c). As shear slip occurs the contact angle must diminish 
and hence cause a reduction in the aggregate interlock shear stiffness. 
2.5.2.4 Two phase model 
In a recent paper, Walraven (42) has developed a more plausible 
theoretical model for aggregate interlock action. Concrete is 
modelled as a two phase material with rigid aggregates and rigiJ·-
plastic cement paste. If a shear and normal force are applied to a 
single spherical aggregate particle there is a combination of crushing 
and sliding between the aggregate and the cement paste until 
equilibrium is reached. (Figure 2.26). The resultant normal anJ 
shear forces arc given by, 
- 48 -
F :: 2R a sin8 
a pu 
F :: 2R T sin8 
1" pu 
where T = 11 0 and 8 is the angle of the contact segment. The pu pu 
projected areas of contact in the x and y directions are given by, 
a = 2R sinO sina 
x 
a :: 2R sinO cosa y 
Hence the forces in the x and y directions are given by 
F 
x 
a (a + fl a ) pu y X 
F = a (ax - 11 a ) y pu y 
For a given aggregate grading,a set of curves were then derived 
(Figure 2.27) relating the total projected contact areas per unit 
(2.19) 
(2.20) 
area of crack plane to the crack width, c , and the shear slip, !:.. • 
w s 
Hence, using equations 2.19 and 2.20 the normal and shear stresses 
were obtained. 
Tests were then carried out by the author on aggregate interlock 
specimens with external restraint bars (Figure 2.28a). The results 
fitted the theoretically predicted results quite closely (Figure 2.28b). 
The theoretical model was then used to show that for large values of 
shear slip the frictional forces on the aggregate contributed to about 
50% of the total shear resistance. For low shear slip the friction 
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did not contribute much and most of the shear resistance was due to 
bearing action and crushing of the cement paste (Figure 2.29). 
Other conclusions reached. from varying different parameters in the 
theoretical model,were that the entire range of aggregate particle 
sizes contributed to the interlock stiffness, but for a smaller 
initial crack width, the smaller particles contributed the greater 
part of this stiffness. Similarly, an increase in the maximum 
aggregate size only had a significant effect on the shear stiffness 
for large crack widths and shear slips. It is interesting to note 
that the only research workers claiming that increasing the aggregate 
size had the effect of increasing the aggregate interlock stiffness 
were the Cornell University group, who were testing specimens with 
large initial crack widths, i.e. 0.5 mrn and over. 
These expressions derived to give the projected contact areas in 
Figure 2.27 are complex and so the follmving linear regression 
equations were derived to describe the experimental results 
for T ~ 0 (2.21) 
for a ~ 0 (2.22) 
where feu is the concrete strength CN/mm2) and C
w 
and !1
s 
are in mm. 
A comparison of these equations with the experimental results is 
shown in Figure 2.30. 
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These equations may be used to predict the shear stress-shear slip 
curve and the crack width-shear slip curve in the following manner. 
For a given specimen, the concrete strength and the axial stiffness 
normal to the plane of cracking must be known. A crack width is 
then selected and the resulting compression across the crack face 
(tension in the reinforcement) is found from the axial stiffness. 
From equation 2.22, or from the lower half of Figure 2.30, the shear 
slip necessary to provide this compressive force is found. Hence, 
using equation 2.21 or the upper half of Figure 2.30, the shear stress 
consistent with this shear slip and the crack width chosen is found. 
This can be repeated for different crack widths to obtain the shear 
stress-slip curve and the crack width-shear slip curve. 
2.5.3 Summary of aggregate interlock research 
Summarizing the work on aggregate interlock, the following points 
have been observed: 
1. Aggregate interlock is dependent upon the crack width and the 
shear slip across the crack. 
2. The relative strengths of the aggregate and the concrete can 
exert a major influence on the interlock stiffness but the absolute 
strengths are of lesser importance. 
3. As slip occurs across the crack there is an overriding action 
which forces the crack open. This is resisted by the reinforcement 
crossing the crack. The axial stiffness of this reinforcement has 
a large influence upon the interlock stiffness. 
4. The aggregate shape and size does not appear to have a great 
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influence upon the interlock stiffness until the crack width or 
shear slip becomes quite large. 
5. Laible et al. (53) have presented a simple model of aggregate 
interlock as a combination of crushing and friction. The relative 
importance of these actions is said to depend upon the initial crack 
width. 
6. Walraven (42) has presented a more sophisticated and detailed 
model considering concrete as a two phase material with rigid and 
rigid/plastic components. The results predicted by this model seem 
to correlate well with experimental results. 
2.6 Shear transfer in cracked reinforced concrete 
If the mechanisms of aggregate interlock and dowel action are under-
stood, it should be possible to combine these two effects and preJict 
the behaviour of c~ckeJ reinforced concrete under shear loading. 
However, there are several reasons why the interaction of these two 
effects make this task more complex than it might at first appear. 
In the dowel action tests, aggregate interlock is removed by the 
artificial creation of a smooth crack face and hence there is no 
tendency for the crack faces to override. In reinforced concrete, the 
aggregate interlock effect does cause overriding. This overriding 
causes widening of the crack and there is a resultant axial tensile 
force in the reinforcement. This has been shown to cause local 
tensile damage to the concrete and hence soften the dowel stiffness. 
However there are also compressive forces over the whole crack face, 
balancing the tensile force in the reinforcement, which may also 
, 
influence the dowel stiffness. These compressive forces are not 
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present on dowel action tests with a simultaneous axial tensile 
force in the reinforcement. 
In aggregate interlock tests, dowel action is removed either by 
placing a soft sleeve around the reinforcement or by removing the 
reinforcement from the concrete altogether and providing an external 
restraint, normal to the plane of cracking. The difficulty with 
both these methods is that, in removing the dowel action effects, 
the local bond between the reinforcement and the concrete has also 
been removed. One problem this causes is that the axial restraint 
stiffness of sleeved or external reinforcement is much less than that 
of fully bonded reinforcement. It js necessary to compare the 
results of aggregate interlock tests, using a normal restraint 
sti ffness simi lar to that of the fully bonded reinforcement in the 
cracked reinforced concrete tests, to obtain a meaningful result. 
Another problem caused by the removal of local bond in the aggregate 
interlock tests is that the crack viidth will be of uniform thickness 
throughout the section. The literature reviewed in section 2.2.2 
suggests that the width of the crack tends to taper towards the 
reinforcement. Clearly, if the aggregate interlock stiffness is a 
function of the crack width, two cracks with the same surface widths 
cannot be expected to have the same shear stiffness if one is of 
uniform width intenlally and the other tapers considerably towards 
the reinforcement. 
2.6.1 Tests on cracked reinforced concrete 
Some early work on shear across joints or cracks in reinforced concrete 
was done by Birkeland and Birkeland (55). Dowel action was assumed 
to contribute a negligible proportion of the shear stiffness and 
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the aggregate interlock stiffness was visualised as a series of 
frictionless sawtooth ramps of slope tan$ (Figure 2.31). Thus the 
shear stiffness is directly proportional to the reinforcement ratio. 
Hence, 
v = p f tan$ 
s 
where tan$ = 1.7 for monolithic concrete. 
(2.23) 
The ultimate shear stress was reached when the reinforcement yielded 
in tension. 
There has been an extensive study of shear transfer in cracked and 
uncracked reinforced concrete at the University of Washington, U.S.A. 
Using several types of "push-off" test, the effects of the reinforce-
ment, the aggregate size, the concrete strength, etc. were studied. 
Attention was focussed mainly upon predicting the ultimate shear 
stress attained rather than the shear stiffness of the specimens. 
A series of shear tests on cracked and uncracked reinforced concrete 
specimens, with additional compressive forces normal to the place of 
cracking, were carried out by Hofbeck ct al. (56). The results 
tended to confinn the shear friction model. However a more accurate 
fit to the experimental results was obtained if a cohesion term was 
added to equation 2.23 and the angle of the sawtooth was reduced from 
60° to 39°. Increasing the normal compressive stress, 0 was found 
n 
to have exactly the same effect as increasing the parameter p f y ' 
Hence, 
2.75 + O.8(p f + 0 ) y n 
was used to predict the mean ultimate shear stress. 
(2.24) 
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The units of each term in this equation are N/mm2 . The equation was 
claimed to be applicable for p f < 0.15 f and for f < 28 N/mm2 . y cu cu 
It was observed by the authors that the concrete strength did not 
influence the ultimate shear stress of cracked reinforced concrete 
specimens with low values of p f. If p f was increased, however, y y 
there came a point when the concrete strength did influence the 
shear strength of the specimens (Figure 2.32). From this result it 
was inferred that when there is a small reinforcement ratio the 
specimens failed ultimately by yielding of the steel. For higher 
reinforcement ratios failure was said to occur by crushing of the 
concrete. The dowel action was estimated to contribute 20% to 30% 
of the total shear strength and hence the assumption that this 
proportion was negligible made in reference 55 is not valid. 
In a later paper, Mattock and Hawkins (57) discovered that direct 
stresses parallel to the plane of cracking had little effect upon 
the shear strength. The reinforcement diameter and yield stress were 
also found not to affect the shear strength, as long as the magnitude 
of p f was held constant. y 
Mattock (58) also investigated the effect of combined shear with 
tensile forces, normal to the crack plane. Equation 2.24 was still 
found to give a close estimate of the ultimate shear stress. However, 
this result is somewhat suspect because the shear and tension loading 
parts of the test rig are not independent. The shear stiffness of 
that part of the loading rig inducing tension into the specimen 
appears to be contributing to the shear strength of the specimen itself. 
The influence of a tensile force upon the shear stiffness of the 
specimen was not investigated, but it was observed that the ratio of 
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crack widening to shear slip was independent of the initial crack 
width. 
However, in another study Mattock (59) concluded that the ratio of 
crack widening to shear slip was influenced by the sand fraction of 
the concrete and by the reinforcement size. It was observed that 
crack opening direction (Figure 2.33) was not changed if the ratio 
between the strength of the large aggregate particles and the 
strength of the concrete was altered. However the crack opening 
direction was influenced by the ratio of the strength of the sand 
to the strength of the concrete. This implies that if the crack 
path intersects the large aggregate particles, the crack opening 
direction is the same as when the crack passes around the edge of 
the aggregate. If, however, the crack path intersects the sand 
particles, then the crack opening direction is affected. This result 
tends to support the aggregate interlock theory of Laible et al. (53) 
but is not consistent with the work of Walraven (42). 
It was also found that the use of larger reinforcing bars tended to 
increase the angle of the crack opening direction. Mattock (60) 
attributed this result to the fact that the larger bars were used 
with larger specimens and hence the crack had more freedom to deviate 
from the mean plane of cracking. This argument is inconsistent with 
his earlier theory that the crack opening direction is controlled 
by local and not global roughness, and warrants further study before 
any conclusions can be drawn. 
Walraven (42) found that there were a number of major differences 
between the behaviour of aggregate interlock specimens and that of 
reinforced concrete specimens. With aggregate interlock specimens, 
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the crack opening direction was dependent upon the stiffness 
restraining the crack from widening. With reinforced concrete 
specimens there was a characteristic crack opening direction which 
was quite steep and was independent of the amount of reinforcement 
crossing the crack. The stiffness of the reinforced concrete 
specimens was found to be greater than the stiffness obtained by 
summing the separate components of aggregate interlock and dowel 
action. The only exception to this was when the reinforcement 
ratio was very low. In this case the crack opening direction, in 
the aggregate interlock test, was similar to the characteristic 
crack opening direction, in the reinforced concrete tests, and the 
stiffness of the reinforced concrete specimen could be predicted by 
summing the separate components (Figure 2.34). 
The following hypothesis was presented by the author to explain 
these observations. It was argued that when the reinforced concrete 
specimens crack in tension, internal cracks, of the type observed by 
Goto (22), were initiated by reinforcement ribs adjacent to the 
primary crack. If these internal cracks propagate to the primary 
crack, a conical region of loose concrete is formed (Figure 2.35a). 
If there is a subsequent shear displacement with a low level of 
crack widening, this conical region will "lock up" and form a strut 
which forces the crack to open in a characteristic direction 
(Figure 2.35b). The strut is considered to be rigid and hence the 
amount of reinforcement does not affect the characteristic crack 
opening direction. The strut also provides the compressive force 
required to complete the equilibrium of internal and external 
forces (Figure 2.35c). If the reinforcement ratio is low, the crack 
opening direction, caused by the ordinary aggregate interlock, is 
steeper than the characteristic path and hence the conical region 
of damaged concrete does not "lock up" and form a strut. 
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In support of this theory was the evidence that when reinforced 
concrete shear specimens were opened after testing, a conical region 
of concrete on each crack face, adjacent to the reinforcement was 
observed to be extensively damaged. To confirm the theory a series 
of reinforced concrete specimens were tested in which the reinforce-
ment had been provided with a short, soft sleeve adjacent to the 
crack face. The intention was to prevent tensile damage in the 
concrete in this region. The results followed the trends of the 
aggregate interlock tests in that the direction of crack opening 
was sensitive to the reinforcement ratio and the shear stiffness 
was similar to the result predicted from aggregate interlock and 
dowel action tests. 
2.6.2 Summary of research on cracked reinforced concrete 
It is possible to note the following points from the tests on cracked 
reinforced concrete specimens: 
1. The shear friction model presents a simple model which does not 
attempt to describe the mechanism of shear transfer but gives a 
reasonably close fit for the type and range of specimens te~ted. 
It is important to note that the ultimate shear stress will only be 
accurately predicted if the concrete fails through axial yielding of 
the reinforcement. When the reinforcement ratio is high, failure 
may be caused by crushing of the concrete or by tensile splitting 
around the reinforcement, as reported in ref. 29 and ref. 37. 
2. The marked difference in behaviour between a crack in plain 
concrete and one in reinforced concrete observed by Walraven was a 
surprising result. It is possible that this had not been previously 
- 58 -
noted because the many inherent differences between the two types 
of tests make it difficult to correlate the test results. Walraven's 
effective theoretical treatment of aggregate interlock makes this 
task easier. However, it would appear that the effects of any 
differences in crack width variation, within the concrete, between 
the two types of tests still need to be included before a worthwhile 
comparison can be made. Walraven has not considered that the crack 
width may get smaller closer to the steel, in reinforced concrete 
specimens, and it may be this effect, rather than the "locking up" 
of crushed particles, which caused the difference in behaviour. 
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TABLE 2.1 
Values for the constants in the bond stress-slip 
equation 2.3 from reference [24] 
f a b 
r 0 0 
0.005 0.0320 0.129 
O.OlD 0.0317 0.300 
0.025 0.0317 0.680 
0.050 0.0314 0.827 
0.100 0.0315 1.135 
0.200 0.0322 1. 353 
0.400 0.0316 1.308 
Note: f is the 'relative rib area' of the reinforcement. 
r 
Typically for cj> = 8mm, f = 0.050 
r 
for cj> > 12mm, f = 0.065 
r 
B 
2.34 
2.00 
1.85 
2.lD 
2.31 
2.53 
2.85 
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C HAP T E R T H R E E 
TESTS ON AGGREGATE INTERLOCK SPECIMENS 
3.1 Introduction 
The experimental programme was planned so that the separate effects 
of aggregate interlock and of dowel action could be studied using 
similar specimens and a comparable loading configuration. Reinforced 
concrete specimens were then tested to study the combined effect 
of aggregate interlock and dowel action under a similar loading 
configuration. 
In the aggregate interlock test series, attention was focussed 
upon the relationship between the shear stiffness of the cracked 
specimen, the rate of crack widening with shear slip and the normal 
stiffness restraining the crack from widening. When the project 
was planned, there was very little published information in this 
area. A number of investigations (41, 50, 53) into the shear stiff-
ness of cracked concrete had been carried out, but the influence of 
the stiffness normal to the plane of cracking upon the shear stiff-
ness did not appear to have been studied fully. 
The test rig was designed so that shear forces and forces normal to 
the plane of cracking could be independently applied and so that 
the displacements parallel and normal to the crack were not restrained 
by the test rig. In test 2C a compressive force normal to the plane 
of cracking was progressively applied during shear loading. This 
was in order to maintain a constant crack width and hence enable a 
direct comparison with the test results of Paulay and Loeber (50). 
For all the other aggregate interlock tests, the crack width was 
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permitted to increase during shear loading. 
It had been observed from eXisting research (51, 53) that neither 
the shape nor the maximum size of the aggregate used had any 
significant effect upon the shear stiffness of a cracked concrete 
specimen, except at very high levels of shear slip or crack width. 
In this investigation the tests were therefore limited to using 
just one type and maximum size of aggregate. 
3.2 Manufacture of aggregate interlock specimens 
3.2.1 General details 
The specimens used for testing consisted of rectangular concrete 
prisms with dimensions as shown in Figure 3.1. It was necessary to 
ensure the initiation of a central tensile crack in the specimen and 
this was achieved by reducing the cross section at the centre. A 
1 mm wide slot \'las formed in each specimen by placing a greased 
steel insert into the mould. The same insert was used for the 
reinforced concrete specimens and is seen in Figure 5.2. After the 
concrete had hardened, this insert was removed. Stiff steel plates 
were glued to the ends of each specimen using a Ciba-Giegy XD800 
epoxy resin. The gluing procedure is described in section 3.5.1. 
There were two sizes of specimens tested in the aggregate interlock 
series of tests. The short specimens were used so that the effects 
of a high normal stiffness could be studied without using excessively 
large reinforcing bars. A central crack was fanned by applying a 
direct tensile load to the ends of the specimen. When using the 
longer specimens, it proved difficult to achieve a very small initial 
crack, i.e. 0.125 mm or less. The release of energy when cracking 
occurred tended to 'spring' the crack open. If there was a small 
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shear dislocation due to misalignment of the axial load or to a 
dislodgement of broken aggregate particles within the crack, it 
was then difficult to regain the desired small crack width, even if 
all the external force was removed. This proved to be less of a 
problem with the stiffer, shorter specimens. 
In the early aggregate interlock tests difficulty was found in 
initiating a central, tensile crack. Instead the specinlens would 
fail prematurely in tension close to the ends. This was initially 
resolved for specimens 4A(i) and 4A(ii) by forming a deeper crack 
initiating slot, projecting 20 mm beneath the surface. This left 
an area of 260 x 60 Dlffi of interlocking concrete. However, for 
subsequent tests, the method of producing uniform axial tension in 
the specimen was improved and the depth of the central slot was 
reduced to 15 mm, resulting in a crack face of 270 x 70 Dlffi. 
3.2.2 Reinforcement 
Dowel action effects were removed from the aggregate interlock tests 
by placing the reinforcement into two 25 mm diameter ducts, cast into 
each specimen. When the specimens had gained strength, stiff steel 
plates were bonded to each end using an epoxy adhesive. The 
reinforcement was then clamped onto these end plates by tightening 
anchoring nuts onto threads machined onto the ends of each bar. 
Thus the only contact between each bar and the concrete specimen was 
via these end plates. The dowel stiffness resulting from flexure 
of the reinforcement over its entire length was negligible. A view 
of the crack face subsequent to shear loading is shown in Figure 3.2. 
The location of the crack initiator and the reinforcement ducts 
are clearly visible. 
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A typical stress strain curve for a Y12 bar is shown on Figure 3.3. 
When a 25 mm diameter bar was used, the usual high yield steel was 
not available. Instead EN8 steel was used. It is seen from 
Figure 3.3 that, for stresses below 300 N/mm2 , there was no significant 
difference in the stiffnesses. This stress level is more than double 
the maximum stress attained by the reinforcement in aggregate inter-
lock tests because of the absence of bond between the reinforcement 
and the concrete. 
3.2.3 Concrete 
Two concrete mixes were used. Target strengths and mix designs are 
given in Table 3.1 and the measured cube strengths in Table 3.2. 
The concrete was designed to be tested after 21 days and rapid 
hardening Portland cement was used for both mixes. The fine aggregate 
was a land-based sand conforming to B.S. 882, Zone 3 requirements. 
The coarse aggregate was a rounded gravel of maximum size 10 Mm. 
The concrete was placed in the mould in three layers and was 
compacted at each stage using a vibrating table. This procedure was 
employed to minimise the segregation of the concrete and the collection 
of water beneath the void formers. According to Cambell-Allen and 
Lau (61) the formation of local areas of weakness can be minimised 
by using this method. 
Each concrete specimen was cured under wet hessian at roam temp-
erature for 24 hours and then stored in a thermostatically controlled 
water tank for 14 days. The end plates were then bonded to the 
specimen, which was subsequently left in air for a further 7 days 
before testing. Three 100 mm cubes and two 100 x 100 x 600 mm 
modulus of rupture beams were cast and tested with each specimen. 
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The modulus of elasticity was also measured for a range of concretes 
with different compressive strengths (Figure 3.4a). These results 
follow the same trends as those of Oehlers (62), using the same 
aggregates and mix design method. 
In Figure 3.4b the stress-strain relationship for the high strength 
concrete is plotted up until the onset of compressive failure. 
This curve lies quite close to the curve predicted by Desayi (63). 
Figure 3.4c shows the relationship between the compressive strengths 
of the concrete specimens and the tensile strength obtained by 
applying third-point loading to the modulus of rupture beams. 
There is only a slight relationship between the two parameters and 
a considerable degree of scatter. The scatter is due to the fact 
that the tensile strength of concrete is determined more by the 
random occurrence of micro-cracks or points of weakness in the 
specimen than by the adhesion between the cement paste and the 
aggregate. 
3.3 Description of the test rig and instrumentation 
3.3.1 Axial tensile loading 
The test rig for applying independent shear and tensile forces to 
the test specimens is shown in Figure 3.5. Axial tension was applied 
to the specimen by applying a compressive force between the two 
loading plates on the left. This force was transferred to steel end 
plates, resin bonded to the concrete specimen, by stiff compression 
struts and flexible tension plates. Before the specimen cracked 
the axial load was carried jointly by the concrete specimen and the 
reinforcement. Once cracking was initiated, all the axial load was 
taken by the two reinforcing bars. 
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The axial force applied to the specimen was measured using a Mayes 
load cell with a maximum output of 12 tons. The output was 50 mV, which 
was measured on a digital display voltmeter. To ensure that there 
were no bending effects caused by misalignment of the jack the flexible 
tension plates were each fitted with three electrical resistance 
strain gauges and were calibrated before the test. Any bending forces 
in the specimen were removed by the use of three turnbuckle adjusting 
screws, located parallel to the tension jack, between the two loading 
plates. The pitches of the two threads on each turnbuckle screw had 
a difference of 0.5 mm. This meant that one complete revolution of 
a turnbuckle altered the distance between the loading plates by 0.5 mm. 
This allowed a fine control of the axial force on the specimen which 
made it possible to achieve a uniform initial surface crack width 
and to control precisely the axial loading on the specimen during 
shear testing. 
The axial load initially applied to the cracked specimen could also 
be measured using the pair of electrical resistance strain gauges 
affixed to each reinforcing bar. This value was verified against the 
force measured in the load cell and in the flexible loading plates. 
All the strain gauges used were TML type PLIO gauges. These were 
polyester backed, temperature compensated gauges which were read 
manually using a Peekel 5 channel bridge, with an additional 10 channel 
switch box to include the strain gauges on the flexible loading plates. 
Once shear displacement across the crack started to cause overriding 
of the opposing crack faces, the additional normal compressive forces 
within the specimen could only be determined from observing the increase 
in the axial forces in the reinforcement. The widening of the crack 
resulted in a decrease in the axial force applied by the test rig. 
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In some tests this force was permitted to diminish whilst in other 
tests the applied axial force was restored to its initial value 
after each increment of shear loading (see section 3.5.3). In either 
case the externally measured axial load no longer corresponded to 
the internally measured axial load once overriding had commenced. 
Hence it is essential to instrument the reinforcement to determine 
what forces are being exerted upon the crack face. 
3.3.2 Shear loading 
Shear loading was applied across the central crack by applying bearing 
forces adjacent to the crack on the upper and lower surfaces. Two 
additional forces were applied at the ends of the specimen, via a 
distribution beam (Figure 3.6a). to maintain equilibrium. All the 
forces were applied through knife edge bearing pads to permit 
unrestrained shear deformation of the specimen and so that the points 
of application of the forces were accurately known. Similarly, the 
overall force applied to the distribution beams was transmitted 
through spherical bearings to avoid any eccentricity. This force was 
applied by supporting the specimen and test rig in a reaction frame 
(just visible in Figure 3.5) and placing a manual hydraulic 20 tonne 
jack beneath the lower spherical bearing. A 25 tonne load cell, 
connected to a digital voltmeter, was used to determine the magnitude 
of the load. 
In two tests a second load cell was also placed between the upper 
spherical bearing and the reaction frame to determine the effects of 
the self weight of the specimen and the test rig upon the shear load 
transmitted across the crack. In Figure 3.6a the forces on the 
specimen when the lower load cell indicated a force of 5 tonnes are 
given. The vertical shear force diagram is plotted in Figure 3.6b. 
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3.3.3 Independence of tensile and shear loading 
One of the difficulties in designing any test rig to apply a number 
of concurrent loads is to ensure that the separate loads and deflections 
are independent of each other and the loads are transmitted sOlely 
to the specimen and not to other parts of the test rig. The use of 
flexible plates (Figure 3.6a), to transfer tension to the specimen 
ends, ensures that this part of the test rig has a low shear stiffness 
and hence the specimen is free to deform in shear. However, it was 
also necessary to place needle roller bearings beneath two of the 
shear loading pads so that the shear distribution beams did not 
restrain the crack from widening or contribute to the axial stiffness 
of the specimen. 
3.3.4 Measurement of concrete strain and displacements 
Strains at the surface of the concrete and displacements across the 
crack were measured using Demec gauges. Initially twenty one 
measurements were taken on each side of the specime~ (Figure 3.7a) 
using gauge lengths of 50 nun and 150 mID. lIowever, the results of the 
first few tests indicated that the shear slip across the crack was 
uniform along the length of the crack. This result was corroborated 
by the results of a finite element analysis (Appendix AI). The 
number of measurements taken on each side of the specimen was then 
reduced to ten (Figure 3.7b) and only 100 mID gauge lengths were used. 
A revised layout for the contact points was required for the shorter 
specimens (Figure 3.7c). 
Referring to Figure 3.7b, the direct strains in the uncracked part of 
the specimen were obtained from Demec pOints 1,2 3,4 etc. for 
strains normal to the plane of cracking and from Demec pOints 5, 9 8) 
12 etc. for strains parallel to the plane of cracking. 
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The surface crack width was defined as the separation of the two 
crack faces, measured in a direction perpendicular to the mean 
plane of cracking. When the specimens were being cracked the stress 
field was uniaxial and hence this definition is .appropriate. 
However in a biaxial stress field the direction in which the crack 
should be measured may not be obvious. The crack width Demec 
measurements were adjusted to compensate for any strain in the 
uncracked concrete over the gauge length e.g. for 2,3 
where e2,3 is the change in length between points 2 and 3. 
(3.1) 
It was observed that the effect of strain in the uncracked concrete 
was very small in comparison to the crack width and hence this 
adjustment was probably unnecessary. The tangent effect of shear 
slip across the crack upon the crack width measurement was so small 
that it was ignored. 
The shear slip of the crack was obtained from Demec points 6, 11 and 
7, 10 and was given by 
The use of crossed pairs of Demec points in this manner meant that 
the effects of strain in the concrete or crack widening upon the 
measurement of shear slip were automatically cancelled out. 
3.4 Crack roughness 
When the aggregate interlock series of tests was planned, it was 
(3.2) 
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thought that the global roughness of the crack, i.e. roughnes~ of 
order of magnitude of the coarse aggregate particles, would be an 
important parameter affecting the behaviour of specimens with a 
crack width greater than 0.25 mm. A variable profile gauge was 
fabricated (Figure 3.8) with which a cross section of one crack face 
could be recorded with an accuracy of ± 1 mm. A typical example is 
shown in Figure 3.9. 
3.5 Testing procedure 
Each test was conducted in two stages. First a tensile central 
crack was initiated. This was followed by incremental shear loading 
across the crack. 
3.5.1 Crack initiation 
There were a number of problems encountered when trying to obtain a 
central crack in the specimens by applying direct tension. In the 
first few attempts bond failure occurred between the resin-steel 
interface or between the resin-concrete interface, at one end of the 
specimen. This type of failure was prevented by meticulously 
preparing the two surfaces before glueing them together. Both 
surfaces were roughened using a percussion needle gun. The concrete 
surface was ·then blown with clean air to remove all dust and loose 
particles. The steel surface was given a "vapour blast" treatment, 
consisting of a high pressure jet of water and fine glass beads. 
This produced a clean, bright finish which then started to oxidise 
within minutes of drying. This oxidation was prevented by washing 
the wet surface with acetone, to remove all traces of water. The 
prepared concrete and steel surfaces were then inunediately resin 
bonded together, whilst care was taken not to touch either surface 
or allow any contamination by grease. 
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This procedure eliminated bond failure between the end plates and 
the concrete. However it was found that the end plates were still 
becoming detached, before a central tensile crack could form. The 
failure was now occurring just within the concrete adjacent to the 
end plate. This second problem was initially solved by increasing 
the depth of the slot at the centre of the specimen, as described in 
section 3.2.1, to increase the stress concentration. 
However, failures of concrete adjacent to the end plates continued 
to occur. This was eventually traced to the inadequate flexural 
rigidity of the 20 mm thick steel end plates. A linear elastic 
finite element analysis of the specimen was carried out (Appendix AI) 
and this revealed stress concentrations in the concrete adjacent 
to the end plate, due to flexure of these plates, of the same order of 
magnitude as the stress concentration caused by the crack initiating 
slot. The flexural stiffness of both end plates was increased 
by an order of magnitude by welding channel section steel to the back 
of the plates. Subsequently there were no further failures of the 
end plates and for all tests, with the exception of 4A(i) and 4A(ii), 
a 15 mm deep crack initiating slot was successfully used. 
Once a satisfactory crack had been formed using a hydraulic jack, 
the load in the jack was transferred to the three turnbuckle screws. 
By a careful adjustment of these screws the crack was preset to the 
desired width. It was usually possible to obtain this to within 
± 0.01 mm. 
In some tests, in which a small initial crack width was required, it 
was found that even with no load in the turnbuckle screws, there was 
insufficient tensile force in the reinforcement to close the crack up. 
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It was presumed that, either because a small unintentional shear slip 
had occurred or because a piece of aggregate had become dislodged, 
the crack had jammed open. Two procedures were used to prevent this 
happening: 
1. An initial prestress of 20 N/mm2 was applied to the reinforcement, 
by tightening up the anchoring nuts on each end, before cracking 
the specimen. 
2. The crack was formed and set to the required value with the 
specimen positioned so that the axes of the reinforcing bars were 
vertical. This was to ensure that the self weight of the specimen 
did not cause any unintentional shear slip as soon as the crack 
was formed. Once the required value for the crack width had been 
obtained, the specimen and the tensile loading part of the test 
rig was rotated through 90°, so that shear loading could then be 
applied. 
3.5.2 Shear across the crack 
Incremental shear loading was applied across the crack by manually 
increasing the jacking force beneath the lower load distribution 
beam (Figure 3.5). All the test data was manually recorded between 
each increment. Each test was terminated when an increment of 
shear load caused an excessive shear displacement and it was judged 
that the specimen was near failure. No attempt was made to follow 
the descending portion of the load deflection curve using displace-
ment control. It has been observed by Perdikaris, White and 
Gergely (64) that, at high shear loads in orthogonally cracked slabs, 
failure occurred by the formation of additional diagonal shear 
cracks. Hence the post-ultimate shear stiffness of the original 
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cracks has little importance because it is not the mechanism for 
shear failure. 
3.5.3 Normal restraint stiffness 
One of the principal parameters influencing the aggregate interlock 
stiffness is the stiffness normal to the crack. which restrains it 
from widening. This stiffness is usually considered to be the anchor-
age stiffness of the reinforcement normal to the crack. i.e. the 
compressive stiffness of the uncracked concrete is ignored. The 
anchorage stiffness of the reinforcement will depend upon the number 
and size of the bars and also upon the bond, if any, with the concrete. 
However, it is important to realise that the tensile stiffness of 
the test rig will also contribute to the normal restraint stiffness 
unless measures are taken to prevent this. If the cracked specimen 
and the test rig are considered as two springs in parallel (Figure 3.10), 
both will resist a tensile force of Ft when cracking has occurred. 
Subsequent shear slip will cause overriding, and hence cause an 
internal compressive force, 0 F , between the crack faces. There 
c 
will be a resultant increase in the crack width, c Cwo Hence from 
equilibritun 
dF 
c 
de 
w 
= (3.3) 
Alternatively, if the external force in the test rig is restored to 
its initial value once the shear slip has occurred, 
= kl (3.4) 
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For the first few tests the stiffness of the test rig was permitted 
to contribute to the normal restraint stiffness. For all later 
tests, the externally applied tensile force was restored to its 
initial value after the application of an increment of shear load and 
before any readings were taken. This was easily achieved using the 
turnbuckle adjusting screws to reset the strains initially measured 
on the flexible tensile straps. 
In all the aggregate interlock tests there was a disparity between 
the increase in the crack width, measured with a Demec gauge, and 
the total increase in the length of the reinforcement, measured with 
strain gauges. The increase in crack width was typically only 30% 
to 50% of the increase in the length of the reinforcement (Figure 3.11a). 
It was at first not clear why this was so. Hence a dial gauge 
caliper was fabricated to measure, externally, the extension of the 
reinforcing bars. This measurement was found to correlate reasonably 
well with the internal measurement from electrical resistance strain 
gauges (Figure 3.11b). The disparity was therefore attributed to 
bedding in between the reinforcement, the anchoring nuts on each end 
and the end plates. The prestress of 20 N/mm2 placed on the reinforce-
ment before crack initiation helped to reduce the disparity but did 
not remove it. However, as the change in forces in both the reinforce-
ment and the tension straps were measured, the normal restraint stiff-
ness was known. It is the absolute value of this stiffness and the 
dependence of the shear stiffness upon it which is required for 
comparison with the reinforced concrete test results. As this stiff-
ness was known, the bedding in effects of the reinforcing bars did 
not affect the validity of the aggregate interlock test results. 
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3.6 Test results 
The aggregate interlock test series was subdivided into three groups. 
The specimens in group 1 had an initial crack width within the range 
0.063 mm to 0.25 mm. This is the range in which Laible et al. (53) 
predicted that shear would be resisted by bearing or crushing of the 
"local roughness" of the crack face, as described in section 2.5.2.1. 
The specimens in group 2 had an initial crack width within the range 
0.5 mm to 0.75 mm. This was the range in which Laible et al. 
predicted that shear would be resisted by sliding of the "global" 
roughness of the crack. 
Group 4 consisted of the two aggregate interlock specimens where the 
area of the crack face was reduced to 260 mm x 60 mm, to facilitate 
tensile cracking. The test results should be considered together 
with group 2, but the normal restraint stiffness per unit crack area 
and the shear force per unit crack area are proportionately higher, 
for otherwise similar specimens and loadings. 
3.6.1 Test series 1 - small initial crack widths 
The parameters varied in this series were 
- the initial crack width 
- the normal restraint stiffness 
- the concrete strength 
The properties of each test specimen are given in Table 3.2. A 
complete set of the individual results for each test is provided in 
reference 65. A comparison between all of these test results is 
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presented in Figures 3.12 to 3.17. From these results the following 
observations can be made: 
3.6.1.1 Repeatability 
Tests IA(i) and IA(ii) used nominally identical specimens to find out 
if the aggregate interlock effect could be repeated. However, the 
nomal restraint stiffness of the two specimens differed because of 
differing "bedding in" stiffness of the restraint bars, as discussed 
in section 3.5.3. A third specimen, IA(iii), was tested and had the 
same normal restraint stiffness as specimen 1A(i). In Figure 3.12 the 
test results of 1A(i), lA(ii) and IA(iii) are compared. 
The shear stress, T , is taken as an average stress over the area of 
s 
the crack face. All the aggregate interlock specimens had a crack 
face area of 18900 rnm2 , with the exception of specimens 4A(i) and 
4A(ii). These had a crack face area of 15600 mm2 , due to the deeper 
crack initiating slot. The normal stress, a , is also defined as 
c 
the compressive force, normal to the crack face, divided by the crack 
face area. The crack width, C , and the shear slip, t:,. are defined in 
w s 
section 3.3.4. It can be seen from Figure 3.12a that the shear stiff-
ness of specimens lA(i) and lA(iii) are similar. Specimen lA(ii), 
which had a higher normal restraint stiffness (Figure 3.l2c), had a 
slightly higher shear stiffness. 
There was some unintentional scatter in the strength of the concrete 
for these specimens. From 3.12b it is seen that a higher strength 
of concrete tended to increase the ratio of crack widening to shear 
slip. 
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3.6.1.2 Initial crack width 
In Figure 3.13 it is seen that for two specimens having similar 
normal restraint stiffness but different initial crack widths, a 
smaller initial crack width results in a greater shear stiffness. 
Both specimens exhibited a considerable crack widening, which is 
inconsistent with the "local roughness" theory of Laible et al. (53). 
The initial crack width was not observed to influence significantly 
the ratio of crack widening to shear slip in Figure 3.l3b. However, 
when the results of test lB and lG are compared (Figure 3.20b) it 
was observed that the specimen with the smaller initial crack width 
did have a greater ratio of crack widening, to shear slip. This may 
be related to the different normal restraint stiffness obtained in 
each pair of tests. 
3.6.1.3 Normal restraint stiffness 
The effect of varying the normal restraint stiffness on two similar 
specimens with very small initial crack widths is seen in Figure 3.14 
and 3.15. Increasing the normal restraint stiffness results in 
increasing the shear stiffness and decreasing the ratio of crack 
widening to shear slip. Again there is a disparity between the 
observed test results and the "local roughness" theory. 
3.6.1.4 Concrete strength 
From Figure 3.16 it can be seen that increasing the strength of the 
concrete from 30.0 N/mm2 to 52.1 N/mm2 had little effect on the 
behaviour of the specimens. The slightly higher shear stiffness of 
specimen lD could be due to the small difference in the normal 
restraint stiffness, which was obtained (Figure 3.l6c). 
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3.6.2 Test series 2 and 4 - large initial crack widths 
All the specimens in these series had initial crack widths of 0.5 mrn 
or greater. With the exception of specimen 2D, all the specimens 
were 450 mm long. The overall conclusion from comparing these test 
results with those of test series 1 is that there seems to be very 
1i ttle difference in the mode of behaviour. 
3.6.2.1 Repeatability 
A comparison of the results in tests 2F(i), 2F(ii) and 2D is shown 
in Figure 3.17. Specimen 2F(i) was the first one to be successfully 
tested and there was a significant shear slip observable in 
Figure 3.l7(a) and (b) before the application of shear loading. This 
behaviour did not recur in any of the subsequent tests and was 
attributed to an error in the instrumentation or method of loading. 
Test 2F(ii) was a repeat test to substantiate this view. 
Specimen 2D had similar properties to specimen 2F(ii) except that 
it was 250 mrn long instead of 450 mrn long. A comparison of the two 
sets of results shows very little difference in behaviour and 
indicates that the aggregate interlock is not dependent upon the 
specimen length if the axial stiffness is similar. The effect of 
using a shorter specimen was primarily to increase the normal 
restraint stiffness without altering the reinforcement ratio. 
3.6.2.2 Normal restraint stiffness 
The effect of increasing the normal restraint stiffness is seen on 
Figure 3.18. There is a resulting increase in the shear stiffness 
and a decrease in the ratio of crack widening to shear slip. These 
trends are similar to those observed in Test Series 1. 
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In test 2C the crack width was restored to its initial value, after 
each increment of shear load, by releasing some of the tensile 
force in the test rig. When a shear stress of 3.5 N/mm2 was 
attained, there was no remaining force in the test rig to maintain 
the crack width and hence crack widening was subsequently allowed 
to occur. It is not clear why the shear stiffness suddenly changed 
after a shear stress of 1 N/mm2 was applied (Figure 3.l7a). 
3.6.2.3 Initial crack width 
The effect of varying the initial crack width for specimens with 
similar normal restraint stiffnesses is shown in Figures 3.19 
and 3.20. A higher initial crack width resulted in a reduced shear 
stiffness. However, there was also a tendency for an increase in 
the crack width to result in a lower ratio of crack widening to 
shear slip. In Figure 3.20 the results of tests lB and IG have 
also been included and substantiate this trend. 
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Table 3.1 
Concrete mix designs 
Target Cemen t con ten t Water Content Fine aggregate Coarse Ag~regate Stren~th (kg/m3) (kg/m 3) (kg/m3) 
eN/nun ) (kg/m ) 
3S 300 180 701 1194 
55 436 205 615 1094 
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Table 3.2 
Details of aggregate interlock specimens 
Target Actua1[lj 
Specimen concrete concrete Specimen Reinforcement Initial crack 
mark stren~th stren~th size type (rnrn) width (mm) 
CN/mm ) CN/rnrn ) 
1ACi) 35 41.6 short Y12 0.25 
1ACH) 35 36.2 short Yl2 0.25 
1A(iii) 35 30.0 short Y12 0.25 
1B 35 40.5 short Yl6 0.25 
1C 35 30.1 short Y12 0.125 
10 55 52.1 short Y12 0.25 
IF 35 36.5 short Yl2 0.063 
1G 35 35.7 short Yl6 0.063 
1H 35 32.5 short Y25 (2 ) 0.125 
II 35 33.9 short Y25 (2 ) 0.25 
2C 35 29.1 long Yl6 0.5 
20 35 35.4 short Yl2 0.5 
2E 35 31.3 long Yl6 0.75 
2Fti) 35 34.0 long Yl2 0.5 
2FCii) 35 34.1 long Y12 0.5 
2G 35 35.2 long Y16 0.5 
2K 35 34.4 long YB 0.5 
4A(i) 35 37.4 long Yl6 0.5 
4A(ii) 35 36.3 long Y16 0.5 
Note: (1) This is a mean of three cube tests 
(2) ENS reinforcing steel used 
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FIGURE 3. 5. VIEW OF TEST RIG WITH A LONG SPECIMEN . 
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C HAP T E R F 0 U R 
TESTS ON DOWEL ACTION SPECIMENS 
4.1 Introduction 
The dowel action tests in test series 3 were carried out using 
similar specimens and loading arrangements to those used in the aggre-
gate interlock tests. Thus a direct comparison could be drawn between 
the relative shear stiffnesses. 
Specimens 3D and 3E were loaded in axial tension before shear forces 
were applied. The axial strain in the reinforcement at the centre of 
the specimen was measured during the tensile loading and was used to 
study the axial stiffness of reinforcement embedded in concrete. 
Similar readings taken during the reinforced concrete tests, once 
cracking had occurred, were also used in this study. 
4.2 Manufacture of dowel action specimens 
4.2.1 General details 
Figure 4.1 shows the overall dimensions of all the series 3 specimens. 
The reinforcement was embedded within the concrete instead of being 
placed within ducts as before. The central crack was constructed with 
smooth, low friction crack faces, to prevent any interlocking effects. 
This was achieved by casting each specimen in two stages. The first 
half was cast against a flat steel plate positioned across the centre 
of the mould. After 24 hours this plate was removed and the exposed 
face was covered with two layers of thin polythene sheeting. The 
remainder of the specimen was then cast against this sheeting. Hence 
any shear forces applied across the crack should be resisted by dowe 1 
action of the reinforcement alone. 
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4.2.2 Concrete 
The same mix designs used in test series 1, 2 and 4 were used. These 
are detailed in Table 3.1. As each specimen contained two different 
concrete mixes of different ages, test cubes were made from each mix. 
The cube strengths of each mix together with the mean cube strength 
for each specimen are given in Table 4.1. 
The concrete was placed into the mould in three separate layers with 
careful compaction of each layer, using a vibrating table. This 
method was developed by Cambell-Allen and Lau (61) and was used to 
ensure homogenity of concrete strength throughout the specimen by 
reducing segregation of the aggregate around the reinforcement or 
water gain beneath the reinforcement. The mould was designed so that 
specimens were cast in the orientation shown in Figure 5.2. If any 
soft regions did form beneath the bars, in spite of the casting 
techniques used, these would be located to one side of the bars when 
the specimen was set up for shear testing. 
4.2.3 Reinforcement 
Each reinforcing bar was fitted with strain gauges at the location of 
the crack to measure the axial force being transmitted normal to the 
crack. The standard method of fixing strain gauges to the surface of 
the reinforcement and covering them with a waterproof protective 
coating (Figure 4.2a) was considered to be unacceptable. Previous 
research (47) had shown that most of the transfer of dowel forces 
occurs within a distance of two bar diameters on each side of the crack. 
Hence the presence of a relatively large soft spot within this region 
would be expected to have a considerable effect upon the dowel 
stiffness. 
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A method was developed in which narrow strain gauges were- embedded in 
epoxy resin within slots milled into the reinforcement (Figure 4.2b). 
Initially only one strain gauge was used. located within a deep slot 
at the centroid of the bar. However it proved to be too difficult to 
position this gauge so that it was insensitive to flexure of the bar. 
The use of two gauges close to the surface of the bar was then adopted. 
From these gauges both the axial and the flexural strains could be 
obtained. 
Initially the resin used to encapsulate the strain gauges was an AE 10 
cold cured adhesive produced by Welwyn Strain Measurement Ltd. The 
bar was tested in axial tension and the strain gauge readings were 
calibrated against a mechanical extensometer with a gauge length of 50 mm 
clamped onto the bar. The results (Figure 4.3) showed that for strains 
-above 1250 ~s slip occurred between the epoxy resin and the reinforce-
ment. The strain measured by the electrical strain gauges was then 
significantly lower than the strain measured mechanically. 
This test was then repeated using a heat-cured epoxy resin. AE 15. 
(The temperature used to cure the epoxy resin was about 50°C). 
The results show clearly a close correlation between the electrically 
and mechanically measured strains up to 5000 ~E. when the steel was 
well into the plastic range. 
Each reinforcing bar was calibrated in axial tension and in flexure 
before being cas t into a specimen. In the axial cal ibration the mean 
strain obtained from the two embedded gauges was noted for incrementally 
increasing loads resulting in stresses of up to 400 N/mm2 . In the 
flexural calibration each bar was clamped adjacent to the strain gauges. 
A cantilever load was then applied in increments up to a maximl~ of 
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20 Nm for the 16 mm and 12 mm bars and 10 Nm for the 8 mrn bars. In 
both types of calibration the maximum load was applied and removed 
repeatedly until the strain gauge readings had stabilized before the 
calibration readings were taken. 
The 8 mm diameter reinforcing bars were too small for the slotted 
technique for fixing strain gauges to be used. Instead the gauges 
were bonded conventionally to the surface of the reinforcement. The 
protective coating to these gauges was reduced to a minimum, but it 
was found that a thin covering of butyl rubber was indispensible to 
ensure waterproofing. Although the presence of these strain gauges 
will undoubtably influence the dowel action stiffness, they were 
included so that the dowel stiffness of similarly instrumented bars 
in the reinforced concrete specimens could be evaluated. 
The effects of the two slots upon the section properties of the 
reinforcement are given in Table 4.2. It was necessary to ensure 
that the plane of the slots was positioned parallel to the plane of 
intended shear loading when casting the specimens. If this was not 
done flexure of the modified reinforcing bar would induce high shear 
stress concentrations in the small area of steel remaining at the 
centre of the bar. 
4.3 Testing procedure 
The testing procedure was similar to that used for aggregate interlock 
tests. In tests 3A to 3C and also test 3F there was no axial tension 
applied to the specimens. Hence there was no need to bond the steel 
end plates to the specimens with epoxy resin. Instead a dental paste 
was used to bed in the ends of each specimen. The dental paste had 
a compressive strength greater than that of the specimens. 
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In tests 3D and 3E the effect of concurrent axial and shear forces 
upon the shear stiffness of the specimen was studied and the end 
plates were bonded to each specimen with epoxy resin as described 
in section 3.5.1. 
In all the tests in series 3 the crack faces were examined subsequent 
to shear testing to discover the nature and extent of the damage 
caused during the test. This was achieved by cutting through the 
specimens with an industrial masonry saw. The cut was made parallel 
to the central crack at a distance of 25 to 50 mm to one side. The 
intervening concrete was easily removed to permit inspection of the 
crack face. 
4.4 Test results 
The effect of the following parameters upon dowel action was studied: 
- reinforcement diameter 
- concrete strength 
- axial tension in the reinforcement 
One test was repeated to indicate the degree of scatter expected in 
the results. The details of each test are given in Table 4.1. 
4.4.1 Strain gauge readings 
During the tests 3A to 3C no consistent pattern was observed fyom the 
readings of the strain gauges in the reinforcement. TIle axial strain, 
obtained from the mean of the two readings showed a poor correlation 
with the surface measured crack width and on some occasions changed 
sign during the test. There was no discernible pattern either in the 
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flexural strains, obtained from the difference in the strain gauge 
readings from each bar. A full set of these results is recorded in 
reference 65 but has not been included here. 
The lack of any consistent trends in the reinforcement strains may 
be attributed to several effects: 
(1) The midpoint of the reinforcing bars, where the strain gauges 
are located, lies at the theoretical point of contraflexure and hence 
no flexural strains are expected. However if the gauges are slightly 
misaligned flexural strains will occur. Even if the gauges are 
correctly positioned, the point of contraflexure may not be at the 
mid point of the bar if the initial non-homogenity of the concrete 
causes any asyn~etry. The point of contraflexure may also move when 
the concrete is damaged during shear testing. 
(2) If the two strain gauges are not located exactly symmetrically 
about the neutral axis of the reinforcement any bending due to (1) 
will result in the measurement of an apparent axial strain, which does 
not in fact occur. 
However the use of reinforcement with strain gauges in tests 3A to 
3C was useful in that the instrumentation technique was developed 
for later use. It also ensured that the reinforcement had the same 
physical properties as the reinforcement used in the reinforced 
concrete tests and hence the component of shear stiffness due to 
dowel action was directly comparable. 
In tests 3D and 3E an axial load was incrementally applied to the 
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specimen before any shear loading was app lied. There was a c los e 
correlation between the axial force measured externally, using the 
load cell and the axial force indicated by the strain gauges in the 
reinforcement (Figure 4.4). The effect of subsequent shear loading 
upon the internally measured axial force is discussed in section 4.4.5. 
Individual test results can be obtained from reference 65. A 
comparative study of these results revealed the following trends. 
4.4.2 Repeatabi Ii ty 
In Figure 4.5 the test results of two nominally identical specimens 
are shown. Very little scatter between the two sets of results is 
seen. 
The shear slip, n was measured across the crack, as described in 
s 
section 3.3.4. The shear stress was defined as the shear load 
applied across the crack divided by the area of the crack face. As 
there was no crack initiating slot in the dowel action specimens, 
the crack face used was the full 300 mm x 100 mm. This definition 
is consistent with that used in other research work (29) and allows 
a direct comparison. However, it should be realised that the crack 
area in the reinforced concrete specimens and the aggregate interlock 
specimens was 270 mm x 70 m. Hence a given shear force will result 
in the calculation of a proportionally higher shear stress than would 
be obtained for dowel action specimens. 
4.4.3 Reinforcement diameter 
It was observed (Figure 4.6) that increasing the diameter of the 
bars used resulted in a larger shear stiffness and ultimate shear 
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stress. There was also an increasing tendency for the smooth crack 
to widen, although this was not of the same magnitude as seen in the 
aggregate interlock tests. 
The specimens were cut open to reveal the crack face, subsequent to 
shear testing. It was seen (Figure 4.7) that for the specimens with 
16 mm or 12 mm diameter bars, a splitting crack had propagated from 
the bars. In specimen 3F, where 8 mm diameter bars were used, no 
sp Ii t t ing crack was apparent. In all the dowe 1 act ion specimens 
there was some spalling of the concrete beneath the bars on the face 
where bearing stresses were expected. This spalling was more severe 
in the specimens with larger diameter bars and may explain the greater 
tendency for widening of the crack (Figure 4.6b). 
The results of Oehler's (66) tests on dowel forces in shear studs arc 
consistent with the trends observed here i.e. splitting cracks are 
more likely to occur when the ratio of the bar diameter to the width 
of the specimen is high. In the dowel action test 3F, where 8 mm bars 
were used, the soft protective covering to the strain gauges will also 
reduce the bearing stress concentrations and hence make splitting of 
the concrete less probable. However, in the reinforced'concrete test 
SJ, where 8 mm reinforcement without strain gauges was used, splitting 
cracks were not observed, which is consistent with the trends observed 
in reference 66. 
4.4.4 Concrete strength 
It was found (Figure 4.8a) that an increase in the concrete strength 
from 38 N/mm2 to 54 N/mm2 had very little discernible effect upon the 
shear stiffness or ultimate shear strength. In both tests splitting 
cracks were observed beneath each bar ",hen the specimens \,.rere cut open, 
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subsequent to shear testing. It is presumed that once a splitting 
crack has formed, the dowel stiffness will depend upon the restraint 
to propagation of this crack provided by the surrounding structure. 
In neither specimen was lateral reinforcement provided to prevent 
propagation of the splitting cracks and hence the similar results, 
once cracking had occurred, are not surprising. The slightly greater 
tendency for crack widening in test 3B (Figure 4.8b) may be attributed 
I 
to the greater resistance of the spalled concrete to crushing, as 
further shear slip occurs. 
4.4.5 Axial tension in reinforcement 
In tests 3D and 3E the reinforcement was initially loaded incrementally 
in tension. Throughout the consecutive shear loading this tensile 
force was held constant, using the three turnbuckle adjusting screws, 
as described in section 3.5.3. 
Although Figure 4.4 shows a close correlation between the axial force 
applied to the dowel bars and the force indicated by the internal 
strain gauges, it was uncertain whether the subsequent shear forces on 
these bars would influence the accuracy of the axial shear measurement. 
Once shear loading and crack widening start to occur there is no 
longer any reason to expect the externally applied axial load to be 
equal to the axial forces in the reinforcing bars. However if the 
relationship between the axial stress in the reinforcement and the 
surface crack width is plotted (Figure 4.9), it is seen that the curves 
follow quite closely that predicted by Martin (24) until high axial 
stresses are reached. Furthermore the correlation does not appear to 
be affected by the presence of shear forces. It was deduced from this 
that the re liabili ty of the internal strain gauges in measuring axial 
loads was not adversely affected by a superimposed shear load. 
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The effect of an axial tensile force was to reduce the shear stiffness 
and the ultimate shear load (Figure 4.l0a). There was also an 
increased tendency for crack widening (Figure 4.lOb) when the axial 
load was increased. An examination of the crack face, after shear 
loading, revealed that there was more localised crushing and spalling 
around dowel bars under axial tension (Figure 4.11). The splitting 
failure crack, evident in similar dowel action tests without axial 
tension, was not seen. 
It was reasoned that axial tension in the reinforcement caused internal 
cracking and hence a reduction in the stiffness of the concrete 
adjacent to each reinforcement rib. This softening of the concrete 
would therefore reduce the support provided to each dowel bar and 
hence result in an overall reduction of the shear stiffness. If the 
stiffness in the concrete supporting each bar is reduced in this way, 
there \oJi 11 also be a reduction in the tensile splitting stresses below 
each bar, at the crack face and hence splitting is less likely to 
occur. 
The shear loading itself will also fu~ther damage the concrete 
adjacent to the reinforcement. This is likely to reduce the effective-
ness of the tensi Ie anchorage of the bar within the concrete and 
probably explains why the crack became wider as shear loading was 
applied, even though there was no overriding of the crack faces expected 
(Figure 4. lOb) . 
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Table 4.1 Details of dowel action test specimens 
Target Actual concrete strength Reinforce- Axial stress Specimen concrete 
Mark stren~th ment in reinforcement Side A Side B Mean type (mm) (N/mm2 ) 
eN/mm ) 
3A(i) 35 39.8 35.3 37.6 Y12 0 
3A(ii) 35 3S.2 3S.S 38.5 Yl2 0 
3B 55 56.0 52.1 54.0 Y12 0 
3C 35 28.1 27.0 27.6 Y16 0 
3D 35 3S.0 36.4 37.2 Y1Z 175 
3E 35 36.4 43.3 39.8 Y12 344 
3F 35 33.3 31.1 32.2 Y8 0 
Table 4.2 Section properties of reinforcement 
Reinforcement type A (mm2 ) Reduction I (mm2 ) Reduction 
s xx 
16 mm, W1modified 201 - 3217 -
16 mm, slotted 193 4% 2918 9% 
12 mm, unmodified 113 - lOIS -
12 mm, slotted 105 n 879 14% 
100 
300 
Smooth crack with 
low friction interface 
- 1~4 -
Embedded high 
yiald reinforcement 
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FIGURE 4 .11 . CRACK FACES OF DOWEL ACTION 
SPEC IMENS WITH DIFFERENT 
AXIAL LOADS, AFTER SHEAR 
TESTING. 
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C HAP T E R F I V E 
TESTS ON REINFORCED CONCRETE SPECIMENS 
5.1 Introduction 
Shortly before the reinforced concrete series of specimens were 
tested, the results of Walraven's (42) experiments on shear in cracked 
plain and reinforced concrete became available. It was observed from 
these test results that there was a significant difference between the 
behaviour of the plain concrete specimens and that of the reinforced 
concrete specimens. 
From tests on unreinforced concrete specimens, the shear stiffness and 
the ratio of crack widening to shear slip was found to agree closely 
with the behaviour of the theoretical model, described in section 
2.5.2.4. The overall trend was that an increase in the stiffness 
restraining crack widening resulted in a higher shear stiffness and 
also a lower rate of crack widening. 
From the results of the reinforced concrete tests it was observed 
that there was a lower bound to the crack opening path, regardless 
of the amount of reinforcement restraining the crack from widening. 
For concrete strengths of 20 to 40 N/null an empirical equation was 
derived to describe this lower bound 
A = 1.40 C 1.2 
s w 
(5.1) 
The units of the shear slip, ~s and the crack width C
w 
are in milli-
metres. 
The shear stiffness of the reinforced concrete specimens was found 
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by the author to be greater than that predicted from the dowel action 
and aggregate interlock tests. This was attributed to the formation 
of an internal strut mechanism as described in section 2.6.1. 
The present reinforced concrete series of tests was designed to 
discover whether the shear stiffness could be predicted from the 
results of the dowel action and aggregate interlock test results 
alone or whether the trends observed by Walraven (42) could be verified. 
One factor which does not appear in Walraven's work is a consideration 
of the effects of the internal crack width profile. If a crack with 
uniform surface width is produced in a plane concrete specimen, the 
crack will have a constant width throughout the depth of the specimen. 
However, in a reinforced concrete specimen previous research (26, 27) 
has indicated that the local bond between the concrete and the rein-
forcing steel results in a crack which diminishes in width beneath 
the surface of the concrete. 
A series of tests were devised in the present investigation to deter-
mine how the crack width varies beneath the surface of the concrete 
in reinforced concrete specimens. Once this profile is known it 
should be possible to make a more realistic estimate of the contri-
bution of aggregate interlock to the shear stiffness of cracked 
reinforced concrete. 
S.2 Details of tests 
The parameters varied in test series 5, studying the shear stiffness 
of reinforced concrete, were: 
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a) the initial surface crack width 
b) the reinforcement ratio - at constant bar number 
c) the reinforcement ratio - at constant bar diameter 
d) the reinforcement type 
e) the local anchorage 
Specimens SA to 51 were designed to examine the effects of 0.125, 0.25 
and 0.5 mm initial surface cracks on specimens reinforced with two 
16, 12 or 8 mm diameter reinforcing bars (see Table 5.1). The 
reinforcement used was G.K.N. Torbar, a high yield bar with a double 
helix rib pattern. 
It was thought that the reinforcement diameter might influence the 
behaviour of the specimens. Specimen SK was reinforced with four 
8 mm diameter bars, so that the reinforcement ratio was increased 
above that of specimen SF without altering the bar diameter. 
It became apparent, as the reinforced concrete tests were being 
completed, that there was a difference in behaviour bet\vcen the results 
of Walraven's (42) tests and the results of the present series. The 
lower bound to the crack opening path, described by Walraven, was 
not observed in these tests. An increase in the normal restraint 
stiffness tended to cause a reduction in the rate of crack widening 
in all cases. 
To study whether the difference in behaviour was due to the different 
rib pattern on the deformed reinforcement, test SL was planned. This 
was similar to test SE, but B. S. C. "Unistee 1 410" was used instead of 
G. K.N. "Torbar" (Figure 5 .1). This was the closest av ail ab Ie steel 
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to that used by Walraven. 
Tests SJ and 5M were both designed to investigate the effects of 
local anchorage upon the behaviour of cracked reinforced concrete. 
Specimen SJ was similar to specimen 5F except that strain gauges were 
not fixed to the reinforcement. This was to examine if the protective 
covering over the surface mounted strain gauges on 8 mm di~leter bars 
had a significant effect on the test results. 
The specimen in test SM was reinforced with smooth EN8 steel bars. 
These had been greased to examine how the loss of adhesion and anchorage 
would affect the behaviour of the specimen. The extensional stiffness 
of ENS steel is very similar to that of high yield reinforcing steel, 
as can be seen from Figure 3.3 
The specimens used in test series 6 were similar to those used in 
test series 5. The testing procedure however was different and was 
designed to examine the internal crack width variations. Details of 
the specimens are given in Table 5.2. 
5 .3 Manufacture of specimens 
5.3.1 Concrete 
The concrete mix designs were the same as those used in aggregate 
interlock and dowel action tests. The high strength concrete mix 
was not used in any of the reinforced concrete specimens. Placing 
and curing of the concrete was carried out as before. The specimen 
mould is seen in Figure S.2. 
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5.3.2 Reinforcement 
The specimens reinforced with 12 mm or 16 mm bars were fitted with 
strain gauges encapsulated within slots in the bars as described in 
4.2.3. This technique was used to minimise the disturbance of the 
bond properties of the bars. When 8 mm reinforcing bars were used, 
there was insufficient space to use this technique and hence strain 
gauges conventionally bonded to the surface of the bars were used. 
These gauges were then covered with the minimum amount of protective 
covering necessary to ensure waterproofing. This was to minimise the 
disturbance done to dO\'le1 action and anchorage of the bars by the soft 
protective coating. 
Every reinforcing bar was calibrated, wi thin its elastic range by 
applying an incremental axial force as described in section 4.2.3. 
However, it was expected that some of the bars would be stressed beyond 
the elastic limit during the latter stages of shear testing. In order 
to find the stress-strain curve beyond the elastic limit, two bars 
of each diameter were tested to failure. The accuracy of the strains 
obtained from strain gauges were corroborated using an extensometer, 
clamped onto the bar. Hence a mean stress-strain curve from the three 
bars was obtained for each bar size (Figure 5.3). 
It was observed that the 16 mm and 8 mm diameter bars had virtually 
identical physical properties. However, although the 12 mm diameter 
bars had a similar initial stiffness and ultimate strength, the 
stiffness at stresses above 400 N/mm2 was lower. This resulted in a 
0.2% proof stress of 435 N/mm2 instead of 485 N/mm2 and was probably 
due to the steel coming from a different production batch. 
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A trilinear curve was used to approximate the stress-strain relation-
ship for the reinforcement e.g. for Y16 bars 
for E < 2350 x 10-6 
s 
a = 196 x 103 x E N/mm£ 
s s 
for 2350 x 10- 6 < E < 11000 x 10-6 
s 
a = 461 + (E - 2350 x 10-6) x 10.3 x 103 N/mm2 
s s 
for 11000 x 10-6 < E 
S 
a = 550 N N/mm2 
s 
(5.2) 
(5.3) 
(5.4) 
With the embedded bars the exact location of the crack could not be 
predetermined. Hence if the strain gauge location was not at the 
point of contraflexure, a degree of flexure of the bars was expected 
in addition to axial strains. The following procedure was adopted 
for 16mm diameter bars to determine the overall tensile force normal 
to the plane of cracking. 
When the strain on all the strain gauges was less than 2350 x 10-6, 
the axial strain in each bar was taken as the mean of the two strain 
gauge readings (Figure 5.4a). The steel stresses were then obtained 
from Figure 5.3. 
When Qne of the strain gauge readings exceeded 2350 x 10-6 (Figure 5.4b) 
\ 
the position at which a strain of 2350 x 10-6 occurred was found. 
The centroids of the circle segments above and below this level were 
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then located and the strains £1 and £2 at these positions were found. 
The respective stresses 01 and 02 were then found from Figure 5.3. 
The overall force in the bar was then evaluated as 
(5.5) 
When it was necessary to adopt this method to determine the compressive 
stress, ° , c in the concrete normal to the plane of cracking, this 
stress was plotted as a broken line in the test results, e.g. 
figurE" S.9c. 
In the event of one of the strain gauge readings exceeding 11000 x 10- 6 , 
that gauge was no longer considered to be reliable and no attempt was 
made to evaluate the total axial force in the reinforcement. A 
similar procedure was adopted to evaluate the axial forces in the 12mm 
and 8mm reinforcement using the appropriate stress-strain curve and 
bar geometry. 
5.4 Testing procedure 
5.4.1 Shear tests 
The method of obtaining an initial tensile crack at the centre of the 
specimen was the same as was used for aggregate interlock specimens 
(section 3.5.1). Once the crack had formed there was a much smalleI' 
release of strain energy in the reinforced concrete than in the 
unbonded aggregate interlock bars. Hence the obtaining of small 
initial cracks was an easier operation. 
The shear load was appl ied incrementally, as before. In all the 
reinforced concrete tests the axial tension applied to the specimen 
was restored to its initial value after each increment of shear loading. 
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Hence the test rig did not contribute to the axial stiffness of the 
specimen. The shear test was terminated once large slips across the 
crack face started to occur for very little additional shear load. 
This was usually when the overall shear slip was in excess of I.Smm. 
Test SA \.;as terminated after a shear slip of only 0. Smm because the 
shear load had reached the design capacity of the test rig and could 
not be safely increased. 
After each shear test had been completed, the specimen was cut open, 
as 1n the dowel action tests, to examine the damage done to each crack 
face. When Walraven (42) opened up reinforced concrete shear 
specimens, after testing, there was a region of localised damage to 
the concretc adjacent to each reinforcing bar. The method the author 
used to examine the crack face was to bend the specimen laterally 
until the reinforcement had yielded sufficiently to permit inspection. 
In test SJ, this method was duplicated to see if the large axial 
strains, caused by opening the specimen in this manner produced further 
damage to the crack face, after the shear test had ended. 
5.4.2 Crack width tests 
For the crack width tests a reinforced concrete specim~l was manu-
factured and set up in the tensile part of the test rig using the 
same procedure as in the shear tests. The specimen was thcn cracked 
in tension and the crack width preset to the required value using a 
[)emec gauge. The sides and bottom of the crack were scaled by 
pressing a mastic around the crack initiating slot. The crack was 
I 
then filled by pouring a very low viscosity resin into the crack 
initiating slot from above. The resin used was CXL 600, manufactured 
by Colebrand. Capillary forces were sufficient to draw this resin 
into the smallest crack visible to the naked eye (i. e. < O.Olmm). 
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One particular problem with this technique was that air tended to 
become trapped within some parts of the crack. This was solved by 
making several air vents in the seal around the edge of the crack, 
which permitted the air to escape. When resin began to emerge from 
these vents, they were sealed off with additional mastic. 
The resin was allowed to harden for 24 hours. The tensile force was 
then removed and any changes in the surface crack width were noted. 
The specimen was then cut open as shown in Figure 5.5 using a masonry 
saw. The thickness of the crack was measured using a hand-held 
crack width microscope with a magnification of 25X. Each reading 
was estimated to the nearest O.02mm. 
Details of the four specimens used to examine crack width variation 
are given in Table 5.2. For each specimen, making five cuts (Figure 5.5) 
provided six views of the internal crack. Four of these were where 
the crack intersected the reinforcement and two were in the centre of 
the specimen, where it did not. The thickness of the cut made by 
the masonry saw was approximately 3mm. This meant that the cracks 
on each side of the cut were similar, but not identical. In some 
cases the specimen fractured whilst it was being cut. This left a 
rough surface and the crack could not be examined with any degree of 
accuracy over this region. If this method is to be developed further, 
a more effective method of cutting and polishing the sawn face needs 
to be found. 
5.S Test results 
Before any strain gauged r~inforcing bars had been used in shear tests 
it was uncertain how effectively the internal gauges in the reinforced 
specimens would measure the axial force transmitted normal to the crack 
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during tensile loading and during the subsequent additional shear 
loading. The strain gauges in the bars for the dowel action specimens 
had indicated an axial force which correlated quite closely with the 
externally applied axial force, (Figure 4.4). However in the dowel 
action tests the crack was preformed and hence it was known that the 
position of the strain gauges coincided exactly with the crack. In 
the reinforced concrete specimens the path of the crack could not be 
predetermined and it was possible that it might pass to one side of 
the strain gauges, and that the gauges might not indicate accurately 
the tensile force transferred across the crack. However there was a 
close correlation observed between the axial tensile force indicated 
by the internal strain gauges in the reinforcement and the externally 
applied force (Figure 5.6). This result was independent of whether 
surface bonded strain gauges or internal encapsulated strain gauges 
were used. 
A complete record of the results of the individual reinforced concrete 
tests is given in reference 65. Trends observed from these results 
are described belov;o There is an element of scatter in these resllits 
which may be inherent in the testing of a non-homogeneous material 
or may be due to variations in other parameters not controlled in 
these tests. Because of the degree of scatter, more reinforced 
concrete tests are needed to establish beyond doubt these trends. 
5.5.1 Norma 1 restraint stiffness 
It was discovered from tests SA to 51 that the magnitude of the 
stiffness normal to the crack, restraining crack w:idening, could not 
be directly controlled. In the aggregate interlock tests this 
stiffness \vas provided directly by the axial stiffness of the unbonded 
bars and this did not vary during shear testing and the consequent crack 
widening. 
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In the reinforced concrete tests the normal restraint stiffness was 
affected by a number of factors. It was observed that, for the same 
reinforcement ratio, an increase in the crack width tended to result 
in a reduced normal restraint stiffness, either initially or as the 
test progressed. This could be attributed to two causes: 
a) a larger initial crack width was achieved by increasing the 
external tension applied to the specimen. This can cause local bond 
damage between the reinforcement and the concrete and hence reduce 
the axial stiffness of the embedded reinforcement. 
b) the increased axial tension in the reinforcement brings it nearer 
to its limit of proportionality. As soon as this limit is passed in 
either of the reinforcing bars, the axial stiffness will reduce. 
In Figure 5.7 the axial stress in each reinforcing bar at the ccntre 
of the specimen is plotted against the crack width for specimens SA 
to 51. The crack width increases as shear slip and overriding occurs. 
It is seen that there is a non-linear relationship between the crack 
width and the axial stress. As the reinforcement stresses are all 
below the 0.2% proof stress (Figure 5.3), this non-linearity must be 
due to break down of the local bond. 
In Figure 5.7 these results are also compared with the result predicted 
by Martin (24) for a concrete strength of 35 N/mm2. Most of the results 
lie quite close to the predicted curve, with the exception of test 50. 
In this test the concrete strength attained was only 26 N/mm2. 
The reduced axial stiffness of the embedded reinforcement was attributed 
to a weaker local bond action because of the reduced concrete strength. 
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The differences between the anchorage stiffnesses of embedded bars 
in the same specimen can only be attributed to experimental scatter. 
However, the overall trend is clear. As the initial crack width 
increased there is an increasing breakdown of the local bond between 
the reinforcement and the concrete. Hence the anchorage stiffness 
of the embedded bars, which is restraining the crack from widening, 
diminishes. 
5.5.2 Initial crack width 
Figures 5.S to 5.10 show a comparison of the test results where the 
initial crack width varies for three different reinforcement ratios. 
In test 5G the tensile load required to achieve a crack width of O.Smm 
was beyond the capacity of the test rig. A 0.35mm initial crack was 
the maximum which could be safely obtained. 
All three figures show that increasing the initial crack width results 
in a reduction In the shear stiffness and in the ultimate shear 
capacity. 
It is also seen from Figures S.8b to 5.10b that the specimens with 
larger initial crack widths have a lower rate of crack widening 
at low values of shear slip and a higher rate of crack widening 
towards the end of the shear test. 
The way in which the ratio of crack widening to shear slip depends 
upon the initial crack width and the overall shear slip may be 
explained in the following manner. Those specimens with a larger 
initial crack width will have a lower contact area between the opposing 
crack faces. Hence the applied shear load is liable to cause more 
crushing than overriding of the contact points and therefore the crack 
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width will not increase so rapidly during the early part of the test 
as with specimens with smaller initial crack widths. However, as 
the crack width increases it was observed that axial stiffness of the 
reinforcement of those specimens with a larger initial crack width 
decreased more rapidly (e.g. Figure 5.9 (c)). As it is the axial 
forces in the reinforcement which restrain the crack from widening, 
a reduction in the axial stiffness will result in an increase in the 
ratio of crack widening to sheaT slip (c.g. Figure 5.9 (b)). 
S. S. 3 Reinforcement ratio 
From Figures 5.11 to 5.13 the effects of variations in the reinforce-
ment diameter, for specimens with the same initial crack width can be 
seen. The three Figures (a) show that an increase in the reinforce-
ment ratio results in a larger shear stiffness. There does not 
however appear to be a strong correlation between the Teinforccmcnt 
ratio and the ratio of crack widening to shear slip seen in the three 
Figures (b). 
It is also apparent from the three Figures ec) that there is some 
scatter in the anchorage properties of the reinforcing bars. Comparison 
of the results of tests SA and 58 shows that although the diameters 
of the reinforcement are different. both specimens have the same initial 
axial stiffness. This situation occurs again in tests 5H and 51 and 
highlights the importance of measuring axial reinforcement strains 
internally in each test instead of deducing these strains indirectly 
from the results of previous pull-out tests. In the latter stages of 
the shear tests, the difference in axial reinforcement stiffness, for 
specimens using different bar diameters, becomes more pronounced and 
a corresponding difference in the direction of crack opening was 
observed (e.g. Figure S.llb). 
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In test 5K the specimen was reinforced with four 8mm bars to increase 
reinforcement ratio above that of specimen SF without altering the 
reinforcement diameter, and hence the anchorage properties. 
Comparison of the results of these tests (Figure 5.14) shows that an 
increase in the overall axial stiffness of the reinforcement resulted 
in a higher shear stiffness, but did not affect the ratio of crack 
widening to shear slip. 
5.5.4 Reinforcement type 
The specimen in test SL was reinforced wi th t\~O 12mm bars of B. S. C. 
Unisteel 410. This had a quite different rib pattern to the GKN 
Torbar used in the rest of the tests (Figure 5.1), which was thought 
to be more likely to initiate "Gato" type internal cracking (22) 
and hence to cause internal damage to the concrete adjacent to the 
bar and the crack face, as observed by Walraven (42). Tho axial 
stiffness of unbanded Unisteel 410 was found to be lightly lower 
than that of Torbar (Figure 5.15), but this was not expected to 
influence the test results significantly. 
The Unisteel 410 reinforcement had better bond properties than 
Torbar reinforcement (Fig. 5.l6c) and hence a higher anchorage 
stiffness was obtained. In spite of this, there was a considerably 
greater wldening of the crack in test SL (Figure 5.l6b). There was 
very little difference observed in the shear stiffness of the two 
specimens (Figure 5.l6a). 
5.5.5 Local bond 
In test 5M, the reinforcement consisted of smooth, greased E~8 steel 
bars. If the results of this test are compared with those of test 
SE (Figure 5.17) the effects of the absence of local bond to the 
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reinforcement can be seen. As would be expected, the anchorage 
stiffness of the debonded reinforcement is considerably lower than 
that of the ribbed reinforcement in test SE. The shear stiffness 
of the specimen in test SM is therefore correspondingly lower. 
However one point of particular interest is that there is very little 
difference between the tests in the ratio of crack widening to shear 
slip (Figure S.17b). In both tests the lower bound to crack widening, 
predicted by Walraven (42), was not observed. 
S.5.6 Cra~~ face damage 
In Figure S.18a the crack faces of specimens 58, SE and SH are shown 
after shear testing. From this it can be seen that whilst there were 
general signs of crushing of the aggregate and mortar over the entire 
crack face, there was no evidence of a localised cone of damage 
adjacent to the reinforcement, as reported by Walraven (42). The 
different axial strains produced in the reinforcement of each specimen 
before shear testing did not cause any noticeable difference in the 
damage to each crack face. 
Figurc 5.18b shows the crack face of specimen 5L after testing. Even 
though the reinforcement type is similar to that used in Ref. 42 
there is no sign of any significant damage to the concrete adjacent 
to the reinforcement. 
In test 5J the crack face was exposed, subsequent to shear testing, 
by causing the reinforcement to yield (section 5.4.1) in the same 
manner used in Ref. 42. It can be secn from Figure 5.18c that the 
strains ill the reinforcement \"ere so large that necking occllrreJ 
and the reinforcement fractured. There was, however, still no sign 
of localised damage to the concrete adjacent to the reinforcement. 
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There was insufficient time to try using this method of exposing 
the crack together with using Unistee1 410 reinforcement, as used by 
Walraven. However, these results have shown that a conical region of 
damage around the reinforcement is not typical for all reinforced 
concrete and warrants further study. 
5.5.7 Profile of crack width 
It was observed that there was less than 1% reduction in the width of 
the surface cracks in test series 6 when the injection resin had 
hardened and the tensile load was removed. The method of cutting open 
each specimen (Figure 5.5) provided six views of a crack travelling 
from the tip of the crack initiating slot down to the surface of the 
reinforcement or the centre of the specimen. Measurements of the 
internal crack widths, with an accuracy of 0.02mm, are plotted in 
Figures 5.19 to 5.22. Each reading is the mean of the crack width 
measurement taken on both sides of the saw cut. 
Several problems occurred during the internal crack measuring 
procedure. In some cases the resin did not fully penetrate the crack, 
due to air entrapment, and so it was not possible to measure the 
complete crack. Alternatively the specimens fractured during the 
cutting process and the resulting surface roughness made it impossible 
to make accurate measurements. Occasionally the crack would fork and 
the individual cracks would be too small to measure. For these 
reasons there are not always six lines plotted in each of the 
Figures 5.19 to 5.22. The least successful test was 60, wheTe it was 
only possible to measure two views of the crack. 
However, these results and the photographs of specimens 6A to 60 
(Figures 5.23 to 5.26) show clearly that the crack width remained 
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almost uniform throughout the section, regardless of the distance 
to the reinforcement. 
Close examination of the imprint of the bar left in the concrete in 
test 5L revealed that the surface of the indentation caused by each 
rib was polished. This occurred only on the sides which were nearer 
to the crack face i.e. the bearing faces (Figure 5.27). 
It was inferred from these observations that some sliding between the 
concrete and the reinforcement was occurring in spite of the fact 
that deformed, high bond reinforcement was used. 
In tests on the bond mechanism of deformed reinforcement, Lutz and 
Gergely (21) reported that if the angle between the longitudinal 
axis of the bar and the face of the rib (i.e. the slope of the rib 
face measured along the axis of the bar) was less than 40°, sliding 
between the concrete and the bar was liable to occur. 
The profile of the ribs of both types of reinforcing bar used in 
this investigation were examined using a Leitz projection microscope 
to determine if their geometry was consistent with sliding. In 
Figure 5.28a the outline of both types of rib are seen. However in 
neither case are the ribs orientated normal to the axis of the bar 
(Figure 5.1). If these rib profiles are projected onto a plane 
parallel with the axis of the bar, it is seen (Figure 5.28b) that the 
mean slope of the rib faces is about 28° for both rib types. Hence 
the results of Ref. 21 would indicate that sliding between the 
reinforcement and the concrete is likely to occur. 
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Table 5.1 Details of reinforced concrete shear specimens 
Target Actual Initial axial Specimen concrete concrete Re inforc ement Initial crack 
reinforcement 
mark stren~th strcn~th details width (mm) 
(N/mm ) eN/nun ) stress (N/nun
2 ) 
SA 35 30.9 2-Y16 0.125 164 
5B 35 38.9 2-Y12 0.125 139 
5C 35 30.4 2-Y8 0.125 165 
5D 35 25.5 2-Y16 0.25 228 
5E 35 33.2 2-Y12 0.25 212 
SF 35 34.5 2-Y8 0.25 277 
5G 35 37.3 2-Y16 0.35 311 
5H 3S 37.0 2-Y12 0.5 386 
51 35 32.9 2-Y8 0.5 385 
SJ 3S 33.4 2-Y8 (1) 0.25 -
5K 35 45.4 4-Y8 0.25 236 
5L 3S 40.5 2_Yl2(2) 0.25 276 
SM 3S 30.6 2-Y12(3) 0.25 -
-~ 
Notes 
(1) Test 5J was a repeat of test 5F but without fitting 
strain gauges to the bar 
(2) Y12 bars of Unistee1 410 with parallel ribbing 
(3) Smooth debonded bars with no ribs 
- 151 -
Table 5.2 Details of reinforced concrete crack width specimens 
Specimen Concrete Reinforcement Surface 
mark stren~th details crack width (N/mm ) (mm) 
6A 36.2 2-Yl2 0.5 
68 38.2 2-Yl2 0.5 
6C 31.5 2-Yl2 0.25 
6D 32.7 2-Yl2 0.125 
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1 - 16mm cp Torbar 
2 - 8 mm cp Torbar 
3 - 12 mm cp Torbar 
4 - 12mm cp Unist<2<21 
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FIGURE 5.18. CRACK FACES OF 
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AFTER SHEAR TESTING 
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FIGURE 5.23. SPECIMEN 6A - INTERNAL CRACK, 
SURFACE WIDTH = O·5mm. 
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FIGURE 5.24. SPECIMEN 69 - INTERNAL CRACK, 
SURFACE WIDTH = O·5mm. 
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FIGURE 5 .25. SPECIMEN 6C - INTERNAL CRACK, 
SURFACE WIDT H = O'25mm. 
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FIGURE 5.26. SPECIMEN 6D - INTERNAL CRACK, 
SURFACE WIDTH = O·125mm. 
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FIGURE 5.27. IMPRINT IN CONCRETE LEFT BY REINFORCING 
BAR IN TEST 5 L. 
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CHAPTER S I X 
DISCUSSION OF TEST RESULTS 
6.1 Aggregate interlock 
6.1.1 Behaviour of aggregate interlock specimens 
From the results presented in Chapter 3 the following trends were 
observed: -
Testing of nominally identical specimens resulted in similar shear 
st iffnesses and ul timate shear strengths (Figures 3.12 and 3.17). 
The ratio of crack widening to shear slip did not vary significantly. 
It was deduced from this that the aggregate interlock mechanism is 
not dependent upon the random path of propagation of a tensile crack. 
The different contact angle, contact area and protrusion height for 
each aggregate particle crossing the crack plane must "average out" 
to give an overall property of the crack face which does not vary 
between similar tests. 
For the range of initial crack widths investigated, i.e. 0.063 rum to 
0.75 mm, it was found that the shear stiffness across the crack 
and the ultimate shear stress both decreased as the initial crack 
width was increased. 
In almost all the tests the shear stiffness was greatest at the 
beginning of the test and diminished as the shear loading was increased. 
In all aggregate interlock tests there was an increase in the crack 
width as shear slip occurred, regardless of the initial crack width. 
For shear slips of less than 0.25 mm, the ratio of crack widening to 
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shear slip decreased with increasing initial crack width. However 
for shear slips in excess of 0.25 mm, the ratio of crack widening to 
shear slip was independent of the initial crack width. (Figures 3.13b, 
3.l9b, 3.20b). 
An increase in the axial stiffness restraining the crack from 
widening resulted in a reduction in the ratio of crack widening to 
shear slip. It also resulted in a higher shear stiffness and 
ultimate shear stress (Figures 3.14, 3.15, 3.18). These trends were 
independent of the initial crack width. 
For the range of concrete cube strengths 30 N/mm2 to 50 N/mm2, 
the concrete strength had only a marginal effect upon the shear 
stiffness and the ultimate shear stress of the specimens and upon 
the ratio of crack widening to shear slip (Figure 3.16). However 
the effect of the different concrete strengths may have been masked 
to some extent by the difference in the axial stiffnesses of the 
specimens. 
6.1.2 Comparison of aggregate interlock test results with previous 
research and theory 
One of the advantages of using a system of direct tensile loading 
is that the initial crack width and internal fbrces at the beginning 
of a shear test can be carefully controlled. 
The method of crack initiation often used in other research (42, 57) 
was to apply an indirect tensile splitting load to the centre of the 
specimen (Figure 6.la). This load was then incrementally increased 
and released until the crack remained open at the required width 
• (Figure 6.lb). At this point there are two possible explanations as 
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to why the crack remained open when tensile load was removed. There 
may have been a small misalignment of the crack faces or a dislodge-
ment of an aggregate particle. resulting in a lack of fit when the 
faces are brought back together. This will cause a tensile force in 
the reinforcement and a compressive force in the concrete. the 
magnitude of which will be determined by the amount of reinforcement 
crossing the crack and the anchorage properties of the reinforcement 
(Figure 6.lc). Alternatively. in the reinforced concrete specimens 
there may have been some plastic strain in the reinforcement resulting 
in a residual non-zero crack width. 
The results of the aggregate interlock tests showed that the shear 
stiffness was greater when compressive forces normal to the plane 
of cracking \-Jere present. If such compressive forces of unknown 
magnitude are present at the beginning of shear testing. due to the 
method of obtaining the initial crack. the results are bound to be 
difficult to interpret or to correlate with theoretical models. 
Hence care must be taken when comparing apparently similar tests 
that the initial conditions really are the same. 
6.1.2.1 Local/global roughness theory 
A model proposed by Laible et al (53) and discussed in Chapter 2 can 
be summarised as follows:-
For specimens with initial cracks less than 0.25 mm wide the 
aggregate interlock mechanism is said to be principally one of 
bearing and crushing of the crack faces against each other. From this 
it was deduced that there would be little tendency for the crack to 
widen. Consequently. the shear stiffness across the crack was 
predicted to be sensitive to changes in the initial crack width 
. 
(1. e. the contact area) but insensi ti ve to changes in the axial 
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stiffness normal to the plane of cracking. 
For specimens with an initial crack width greater than 0.25 mrn the 
aggregate interlock mechanism is said to be a sliding action of the 
crack faces over each other. From this it was deduced that the 
crack would widen as the protruding aggregate particles were forced 
to override each other. Consequently, a change in the axial stiff-
ness of the specimen normal to the plane of cracking would be 
expected to affect the shear stiffness. It was also deduced that as 
the resistance to shear is provided by friction, which is independent 
of the contact area, the shear stiffness would not be sensitive to 
changes in the initial crack width. 
The aggregate interlock test results described in Chapter 3 do not 
support this theory of local/global roughness. There is little 
evidence of any major difference in behaviour between specimens with 
, 
initial crack widths greater or less than 0.25 mm which would suggest 
that a different type of action was occurring. 
The crack width tended to increase during shear testing regardless 
of the initial crack width (Figures 3.13, 3.19, 3.20). In fact 
during the early part of the tests there is a greater tendency for 
the crack to widen for specimens with smaller initial crack widths, 
not less as suggested in reference 53. 
The shear stiffness of specimens with small initial crack widths was 
found to be sensitive to changes in the axial stiffness normal to 
the plane of cracking (Figure 3.14). Specimen lG has a higher axial 
stiffness (Figure 3.14c) and this results in a higher shear stiffness 
(Figure 3.140) than wi th specimen IF. From these results it was 
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deduced that shear resistance. for specimens wi th initial crack 
widths of less than 0.25 nun. is not provided solely by a bearing/ 
crushing action. 
Similarly. for specimens with an initial crack width greater than 
0.25 mm. the shear stiffness is still sensitive to changes in the 
initial crack width (Figure 3.20). The specimens 2G and 2E in 
Figure 3.20c both have similar axial stiffnesses and have initial 
crack widths of 0.5 and 0.75 mm respectively. However a lower shear 
stiffness was obtained from specimen 2E than from specimen 2G 
(Figure 3.20a). Laible argued that when the mechanism for aggregate 
interlock was frictional. the shear stiffness should be independent 
of the initial crack width. 
However. these results do not necessarily imply that the mechanism 
is not a frictional one. The shear stiffness would only be 
independent of the ini~ial crack width if the mean angle of contact 
between the crack faces did not vary. If the particles protruding 
from each crack face are rounded it is clear that the average 
contact angle must decrease as the crack width increases. This could 
explain the reduction in shear stiffness and also the lower ratio 
of crack widening to shear slip for those specimens with larger 
initial crack widths. A more sophisticat~d friction model than that 
proposed by Laible (53) is required to predict the aggregate interlock 
mechanism. 
It is possible that some of the differences between the test results 
reported in reference 53 and those presented in Chapter 3 were 
caused by using different methods to obtain the initial crack width. 
It is not clear whether external compressive forces subsequent to 
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tensile cracking were required in reference 53 to obtain the small 
initial crack widths. Nor is it clear how the larger crack widths 
were maintained before the commencement of shear testing. 
It is the opinion of the writer that both crushing and sliding occur 
during aggregate interlock throughout the range of crack widths 
examined. It seems unlikely that any crushing of the concrete 
would be limited to the specimens with small crack widths. With a 
larger crack width the effective area of contact is reduced and 
hence the bearing compressive stresses are greater. It is necessary 
therefore to find a model which will simulate the aggregate interlock 
action and include all the parameters discussed. 
6.1.2.2 Aggregate interlock tests at constant crack width 
In the investigations of aggregate interlock where widening of the 
crack during shear testing is prevented by applying an external 
restraint (10, 49, 50), it is expected that the applied shear forces 
will be resisted mainly by a bearing action and crushing of the 
concrete rather than by a frictional sliding action. The results 
from these studies were consistent with this theory. In all the 
tests an increase in the permitted separation of the crack faces 
resulted in a reduced shear stiffness. Likewise, in all the tests, 
an increase of the strength of the concrete resulted in a greater 
shear stiffness. 
It was seen in Chapter 2 that the results of Houde's (10) tests 
correlated quite closely to those of Paulay and Loeber (50). In 
Figure 6.2a the results of test 2e, where the crack width wa~ held 
constant, are compared with the results of similar tests by both 
Houde and Paulay and Loeber. The shear stiffness obtained from 
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test 2C was similar to that found by Houde but rather less than 
observed by Paulay and Loeber. It is possible that this lower 
result was due to the testing procedure adopted by Houde and also 
by the writer. In these tests the crack was permitted to widen 
during each increment of shear loading. At the end of the increment 
of shear loading the crack was restored to its initial width by 
applying a compressive force normal to the plane of cracking. In 
Paulay and Loeber's test the crack was continuously restrained from 
widening during shear loading. From the difference in these results 
it can be inferred that the crushing aggregate interlock mechanism 
is a history dependent one. Hence it would be inconsistent to 
compare the results of these tests where the crack width is totally 
restrained from widening with the results of other tests where there 
is only a partial restraint. 
In Figure 6.2b the applied stress, a , normal to the plane of 
c 
cracking which is required to maintain a constant crack width C 
w 
is plotted against the applied shear stress "C. This curve shows 
the tendency for overriding of the crack faces to occur. The results 
of test 2C lie within the region found for most of the tests from 
reference 50, but at high levels of shear stress a lower direct 
compressive stress is required in test 2C. From just a single test 
result it is not possible to determine whether this is due to 
differences in the strengths of the cement matrix and aggregate used 
or to experimental scatter. 
It could be deduced from Figure 6. 2b that there is a..D effective 
coefficient of friction, ~, between 1.0 and 2.0, but this seems an 
inappropriate concept to apply when the crack width is restrained 
from widening. 
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6.1.2.3 Shear friction model for predicting the ultimate shear 
stress 
Mattock (57) used the shear friction analogy to predict the ultimate 
shear stress of cracked reinforced concrete specimens. It was found 
that the ultimate shear stress, 'ult resisted by a cracked specimen 
was proportional to the maximwn compressive stress attainable normal 
to the plane of cracking. Hence for specimens with reinforcement 
normal to the plane of cracking, 
where p = 
p f tan <p y 
the reinforcement ratio 
f the yield stress of the reinforcement y 
tan <p = the apparent coefficient of friction 
It was noted in reference 57 that the value of 'ult was given by 
/ L equation 6.1 only if p f < 4.0 N rnm . y The ultimate shear stress 
was also observed to be independent of the concrete strength and 
failure occurred by sliding of the crack faces over each other. 
However, if p f > 4.0 N/mm2, equation 6.1 no longer predicted y 
Tult and a change in the concrete strength did influence T
ult ' 
(6.1) 
In this case failure occurred by crushing of the concrete, I locking 
up' of the crack, and finally the formatiOn of additional shear 
cracks at 45 0 to the original crack. Hence if the shear friction 
model is to be used.to predict Tult it must be restricted to the 
case where failure occurs through tensile yielding ~f the reinforce-
ment. 
In the aggregate interlock tests described in Chapter 3, ultimate 
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shear failure was not caused by yielding of the reinforcement nor 
by additional diagonal shear cracking of the specimens. The 
reinforcement normal to the plane of cracking was not bonded to the 
concrete and hence the axial strains measured were never high enough 
to cause yielding. 
The axial tension in the reinforcement causes a compressive stress, 
o • in the concrete normal to the plane of cracking. If this 
c 
compressive stress at the onset of shear failure is plotted against 
the ultimate shear stress, LUlt' a curve similar to that given by 
equation 6.1 can be fitted to the results (Figure 6.3). Some of the 
scatter may be due to the judgement required in determining exactly 
when the onset of shear failure had occurred. 
However although these results appear to fit the shear friction 
model. in spite of the reinforcement not yielding. a closer inspection 
of the behaviour reveals that the simple shear friction model 
proposed in reference 57 is not valid for aggregate interlock tests. 
The shear friction equation 6.1 proposes a linear relationship betwe~ 
the ultimate shear stress and the direct compressive stress normal ~o 
( 
the plane of cracking. This is not observed from the results of the 
aggregate interlock tests. After the onset of shear failure 
(Figure 3.l3a) a further increment of shear slip results in an 
increase in the normal compressive stress,oc (Figure 3.l3c) 
without the corresponding increase in the shear stress L , which 
s 
would be predicted by equation 6.1. 
Because the reinforcement does not yield in the aggregate interlock 
tests the shear friction model does not provide a way of determining 
the normal compressive stress at the onset of ~hear failure. Hence 
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the results shown in Figure 6.3 can only be obtained retrospectively. 
However if a relationship between the shear slip, the crack width 
and the normal compressive stress can be found, it may be more 
appropriate to use a shear friction model to predict the shear 
stiffness of aggregate interlock action rather than the ultimate 
shear stress. 
6.1.2.4 Shear friction model to determine the shear stiffness 
Birkeland and Birkeland (49) proposed the shear friction model or 
'saw tooth' theory for the behaviour of precast concrete connections 
or of cracked monolithic reinforced concrete. The rough surface is 
modelled as a series of rigid frictionless ramps having a slope of 
tan-l~. A value of 60° for ~ is required so that the model will 
fit experimental results for cracked reinforced concrete specimens. 
However it can be seen from the aggregate interlock test results 
(e.g. Figure 3.13b) that the ratio of crack widening to shear slip 
is closer to tan 30°. This model is also unrealistic because the 
sawtooth ramps are assumed to be frictionless. Mattock's (50) 
solution to this problem was to assume an initial cohesion between 
the crack faces and to reduce the contact angle (equation 2.24) to 
It is more reasonable to asswne that the saw teeth are not friction-
less. Hence from vertical and horizontal equilibrium (Figure 6.4b), 
v = p (u cosG + sine) 
(cosG - u sine) 
This can be simplified to 
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v = P tan(0 + ~) . 
where tan 4> = ~ 
Let Kn be the axial stiffness normal to the plane of cracking 
i.e. K = 
n 
p 
C 
w 
P = K !J. tan 0 
n s 
Hence the shear stiffness, K , is given by 
s 
K 
s 
= 
V 
!J. 
s 
K tan0 tan(0 + ~) 
n 
(6.2) 
The stiffness K is provided by the reinforcement crossing the crack 
n 
and its value can be measured or estimated. A value of 0.8 for 
tan ~ was proposed by Kriz and Raths (67) on the basis of friction 
tests between precast concrete surfaces. However, it is difficult to 
assess 0, the mean contact angle between the crack faces. It may 
vary between similar specimens with different initial crack widths. 
It may also vary as the crack width changes during the testing of a 
specimen (e.g. Figure 3.14b) clearly no single value for 0 is going 
to be valid for all combinations of crack width and shear slip. A 
model is needed in which 0 does not remain constant throughout the 
tests. 
6.1.2.5 Shear friction with varying contact angle 
A model which attempted to include the effects of a varying contact 
- 186 -
angle was developed by Fardis and Buyuktozturk (54) and is reviewed 
in Chapter 2. This model assumes that shear resistance by aggregate 
interlock only occurs when the large aggregate particles protruding 
from each crack face make contact. It is assumed that these particles 
are perfectly rigid and hence only sliding and overriding of the 
crack faces occurs. The crack path is modelled as a series of 
parabolic curves of different pitch and amplitude (Figure 2.25). 
It was then claimed that because the shape of any crack was entirely 
random it was not possible to evaluate the parabolic functions and 
hence determine the way in which the crack would act. This argument 
is not consistent with the results of repeat aggregate interlock 
tests in the present study. It was observed (Figure 3.17) that two 
cracked specimens with similar physical properties gave very similar 
responses to shear loading, even though the crack path must be quite 
different in each specimen. 
It was then considered by the writer that if two specimens having 
different crack face shapes had the same overall shear stiffness and 
the same ratio of crack widening to shear slip, it might be possible 
to formulate an averaged crack shape which would produce this 
response. However, further inspection of the test results showed 
that this cannot be done. Specimens having the same initial crack 
width but different axial stiffnesses normal to the plane of cracking 
exhibit quite different ratios of crack widening to shear slip when 
a shear loading was applied (Figures 3.14 and 3.15). From this it 
was inferred that the original assumption, that the crack faces 
were perfectly rigid, could not be true. If it were true then any 
two specimens with the same initial crack width should show the same 
rate of increase of this crack width regardless of the restraint to 
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crack widening. 
It is apparent from Figures 3.14 and 3.15 that a combination of 
crushing and overriding is taking place. The amount of overriding 
which occurs is dependent upon the initial crack width, the axial 
stiffness normal to the plane of cracking and the amount of shear 
slip which has occurred. A viable model for aggregate interlock 
must attempt to evaluate the degree of crushing and overriding of 
the crack faces which will occur and hence find the shear stiffness. 
6.1.2.6 Two phase aggregate interlock model 
A model was developed by Walraven (42), simultaneously with the 
writer's research, which considered concrete as a two phase material. 
The aggregate was modelled as a family of perfectly rigid spheres 
and the cement paste was assumed to be rigid plastic. The probability 
of finding an aggregate particle of a specific size and degree of 
embedment on the crack plane was then derived. Hence, for a given 
crack width and shear displacement, the normal and shear forces can 
\ 
be determined, as described in Chapter 2, from a study of the 
internal equilibrium. 
The underlying assumption in this model is that, regardless of the 
size of the crack width or the degree of shear slip, two aggregate 
particles never come into contact. The interaction is entirely 
between the hard aggregate particles and the softer cement matrix. 
This assumption is directly opposed to that made by Fardis and 
Buyuktozturk (54) i.e. that the shear resistance was only developed 
when aggregate particles made contact and that the cement matrix 
played no part except to influence the coefficient of friction. It 
is probable that the actual behaviour lies somewhere between these 
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two extremes. The use of a rigid plastic stress strain relation 
for cement paste under high strains in reference 42 is also 
questionable. 
In spite of these defects of the two phase model there are a number 
of clear benefits over the models previously discussed. The model 
is the first to be developed which will predict the ratio of crack 
widening to shear slip as a non-linear function, dependent upon 
the initial crack \.,ridth and the axial stiffness normal to the plane 
of cracking. The shear stress can also be derived as a non-linear 
function of the shear slip, which is dependent upon the cement 
paste strength and the axial stiffness normal to the plane of cracking. 
The theoretical model developed by Walraven leads to a number of 
complex expressions which are difficult to use. A simple linear 
expression was therefore derived which is given in equations 2.41 
and 2.42. An example of this is plotted in Figure 2.30 for a 
I particular concrete strength and maximum aggregate size. 
When the results of the aggregate interlock tests were compared with 
the results predicted by equations 2.41 and 2.42 a reasonably good 
fit was observed. In Figure 6.S the two phase model predicts quite 
closely the results of test 2C, where the crack width was maintained 
at a constant value. In Figures 6.6 to 6.8 the two phase model is 
compared with the results of the three nominally identical tests 
lA(i), lA(ii) and lA(iii). When the diameter of the reinforcement 
was increased in test IB the model still matches the ~esults quite 
closel)' (Figure 6.9). These figures are quite typical of the fit 
provided by the two phase model for all the ,aggregate interlock test 
results. 
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One of the problems resulting from the use of the simplified 
equations 2.41 and 2.42 is that pairs of lines of constant crack 
width in Figure 2.30 do not intersect the origin. Consequently 
there is a region of "free slip" where no shear stress is developed 
and the crack does not widen. This is apparent in Figures 6.6a 
to 6.9a where it is seen that the predicted T - 6 curve does not 
s s 
intersect the origin. The initial crack widening is also predicted 
to be zero, which does not correspond with the test results. 
A further discrepancy resulting from the use of the simplified 
equations 2.41 and 2.42 is that any pair of constant crack width 
lines do not intersect each other when they meet the x-axis 
(Figure 2.30). Hence for zero normal stress there is a shear slip 
and consequently a shear stress associated with any crack width. 
This contravenes the equilibrium equations originally derived and 
is a consequence of simplifying the originally derived curves 
(Figure 2.28) to straight lines (Figure 2.30). 
It is probable that the strength of the cement paste associated 
with a particular concrete strength has been assumed too high to 
compensate for the "free slip" zone predicted by the model. If 
\ 
this were the case it would explain why in Figures 6.6 to 6.9 the 
slope of the C - 6 curve is always predicted to be higher than 
w s 
that found experimentally. 
Some of these problems with the two phase model could be solved by 
using a more complex expression than equations 2.41 and 2.42, such 
as a bilinear equation. Other problems may only be solved by 
changing the basic model to include aggregate to aggregate contact. 
However, the model as it stands provides a reasonably close fit to 
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the aggregate interlock test results and hence it was decided not 
to spend further effort into refining it. Walraven (42) found that 
the basic model would not predict the .results of reinforced concrete 
tests using embedded reinforcement. It was therefore decided to 
spend the remaining time concentrating upon dowel action and 
reinforced concrete behaviour. 
6.2 Dowel action 
6.2.1 Behaviour of dowel action specimens 
From the results of the dowel action tests presented in Chapter 4 
the following trends and observations can be observed:-
The tangential shear stiffness of each specimen reduces in 
magnitude as an increasing shear stress is applied. At the ultimate 
shear stress the tangential shear stiffness is zero (Figure 4.5), 
The scatter between the results of similar tests was low 
(Figure 4.5), 
A higher shear stiffness and ultimate shear stress was measured 
if the diameter of the reinforcement was increased (Figure 4.6), 
The behaviour of dowel action specimens did not vary greatly 
if the concrete strength was altered, 
A tensile axial stress in the reinforcement caused a reduction 
in the shear stiffness and in the ultimate shear stress obtained . 
• 
A tensile axial stress also causes a tendency for the crack to widen 
as shear loading is applied (Figure 4.8). 
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As all the dowel action specimens were made with smooth preformed 
cracks, the crack widening during shear loading of 3D and 3E was 
unexpected. However, it was reasoned that the shear loading probably 
caused damage to the concrete around each reinforcing bar. This 
would reduce the effective anchorage of the bar and would explain 
why crack widening occurred even though there was no overriding of 
the crack faces. Alternatively this crack widening effect may be 
due to the increased spalling of concrete associated with tensile 
forces in the dowel bars (Figure 4.11). 
6.2.2 Theoretical modelling of dowel action 
6.2.2.1 Beam on elastic foundation theory 
The beam supported on elastic foundation (b.e.f.) theory has been 
used by several research workers (38, 39, 40) as a model to 
describe the behaviour of dowel bars and is discussed in section 2.3.1. 
The model is compared here with the experimental results presented 
in Chapter 4 (Figure 6.25) by making the following assumptions:-
The reinforcing bar has been modelled as a beam of rectangular 
section with the same width and flexural stiffness as the original 
circular section. 
Tensile adhesion between the bar and the concrete is ignored. 
The concrete sustaining compressive bearing stresses is assumed to 
support the bar uniformly across the width of the bar. 
A typical value for the foundation modulus for medium strength 
(30 N/mm2) concrete, Gf , was found by White and Gergely (48) to 
be 750 N/mm 3 . This value has been used in the evaluation of the 
dowel action stiffness from equation 2.23. 
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For the high strength concrete used in test 3B it has been 
assumed that Gf « ~. cu 
It was found that the initial shear stiffness of the specimens with 
12 mm and 16 mm reinforcement was quite closely predicted by the 
b.e.f. model (Figure 6.12), but that the shear stiffness of the 
specimen reinforced with 8 mm bars was much lower than predicted. 
This lower result was attributed to the effects of the soft protective 
covering over the surface strain gauges. This covering was not 
necessary on the larger diameter bars using strain gauges embedded 
within slots instead of being bonded to the surface of the reinforce-
ment. 
It is possible that a better fit to the initial stiffnesses of 
specimens 3D and 3E could be obtained by reducing the foundation 
modulus, Gf , to allow for the localised damage of the concrete 
resulting from axial tension in the reinforcement. However, there 
is insufficient information from only two tests to give a reasonable 
estimate of what reduction is necessary and whether it would be 
generally applicable. 
6.2.2.2 Non-elastic dowel action 
Figure 6.12 also shows that the shear stiffness from the test 
results diminishes for higher values of shear slip. This non-linear 
response may be attributed to one of two causes or to a combination 
of both. 
1. Th~ high localised bearing stresses predicted by the b.e.f. 
model can result in crushing or lateral splitting of the concrete 
beneath the bar. 
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2. The shear and flexural loading on the reinforcement can cause 
plastic strains in the reinforcement and hence a reduction of the 
dowel stiffness. 
The strain gauges in the dowel bars did not indicate that yielding 
was occurring. However these were placed at the nominal point of 
contraflexure to measure axial strains. Furthermore any non-elastic 
behaviour of the concrete will tend to cause a redistribution of the 
bearing stresses so that if a plastic hinge forms its location will 
be remote from the crack (Figure 2.19). 
Walraven (42) formulated a semi-empirical expression (equation 2.12) 
to predict the behaviour of dowel action specimens, as described in 
Chapter 2. This expression, 
Fd = 10(C
w 
+ 0.2)-1 6 0.36 ~1.75 f 0.38 
s cu 
is based upon a curve fit of the dowel action test results of 
Paulay et al (29) and White and Gergely (48) and assumes that both 
shear slip and axial tension in the reinforcement cause a reduction 
in the foundation modulus because of damage to the concrete. A 
comparison of the results of the dowel action tests described in 
Chapter 4 with the shear stress-shear slip response predicted by 
equation 2.12 is shown in Figure 6.10. The shear stress, T has been 
s 
obtained from the total dowel force, as described in section 4.4.2. 
It can be seen that overall the prediction of the dowel force is 
rather low. It is not clear exactly why this is so but it is not 
surprising since the modifications to the beam on elastic foundations 
theorr were empirically derived from just a few test results rather 
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than resulting from an understanding of the internal micro-mechanisms 
involved. 
Rasmussen (47) suggested that the high bearing stresses in the 
concrete immediately adjacent to the crack face caused a compressive 
failure in the concrete and hence a redistribution of the bearing 
forces away from the crack face (Figure 2.19). Failure eventually 
occurred with the formation of a plastic hinge on each side of the 
crack. The plastic moment, M can be obtained from an analysis of p 
the section, see Appendix 2, giving, 
M 
P = 
1 
6 f ~3 sy 
where f is the ultimate yield stress of the reinforcing bar and 
sy 
~ is the diameter of the bar. 
A study of the internal equilibrium required to produce this moment 
gives the ultimate dowel force as 
1 
= C ¢2 f 2 f 
sy cu 
1 
2 
where C is an experimentally derived constant found to be 1.30 in 
reference 47. 
(6.2) 
Dulacska (43) proposed a more complex expression for reinforcement 
inclined to the plane of cracking. However this simplifies to 
equation 6.2 when the reinforcement is normal to the plane of 
cracking. In this study C was found experimentally to be 1.16. 
However in neither study was the effect of an axial stress in the 
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reinforcing bar upon its ultimate dowel force considered. From an 
analysis of the section (Appendix 2) it is found that an axial 
stress in the reinforcing bar of a f results in a plastic moment 
sy 
capacity given by 
M = l ~3 f (1 - a 2) p 6 sy (6.3) 
Substituting this into the internal equilibrium equations gives 
= C ~2 f ~ {f (1 - a2)}~ 
cu sy (6.4) 
where C is the constant used in equation 6.2. 
If the ultimate dowel force from each test result is compared with the 
value predicted by Eq. 6.4 it is seen (Fig. 6.11) that most of the test 
results are close to, their predicted values. However more test 
results, particularly from combined axial tension and shear loading, 
are required to confirm the general validity of equation 6.4. 
At this stage an exponential function was thought to be the most 
appropriate expression to describe the overall shear stiffness due 
to dowel action. The actual deterioration of the concrete beneath 
the reinforcement and the resulting redistribution of internal forces 
is too complex to permit a realistic analytical modelling without 
considerably more experimental data than is presently available. 
Thus the dowel force is given by 
K. ~ 
1 s 
Fd = Fdu (l - e Fdu) (6.5) 
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where Fdu is the ultimate dowel force given by equation 6.4. 
Ki is the initial dowel shear stiffness given by the b.e.f. model. 
From equation 2.10 
(6.6) 
where the constant, C is equal to 0.166 and is dimensionless. 
Equation 6.5 provides a close fit to the test results (Figure 6.12) . 
6.3 Reinforced concrete 
6.3.1 Behaviour of reinforced concrete specimens 
From the results of the reinforced concrete tests described in 
Chapter 5 the following comments and observations can be made. 
Although the shear stiffness and ultimate shear strength of the 
reinforced concrete specimens must include components due to 
aggregate interlock and dowel action, some important differences in 
behaviour were noted. These were attributed to the effects of local 
bond between the reinforcement and the concrete upon the axial 
stiffness of the specimens normal to the plane of cracking. The 
local bond caused higher reinforcement stresses and hence a greater 
axial stiffness restraining crack widening than was provided by an 
unbonded bar. In some cases this led to plasticity in the reinforce-
ment and thus a non-linear axial stiffness normal to the plane of 
cracking was observed. However this non-linearity was also observed 
before yield of the reinforcement and was attributed to a breakdown 
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of the local bond between the concrete and the reinforcement as the 
axial stresses in the reinforcement increased. 
From a comparison of Figures 3.13 and 5.9 it can be seen that the 
axial stiffness normal to the plane of cracking (i.e. the gradient 
of Figures 3.13 and 5.9c) is constant for aggregate interlock 
specimens but decreases with increasing crack width for reinforced 
concrete specimens. Hence the shear stiffness and the ultimate 
shear stress are more sensitive to changes in the initial crack 
width in the reinforced concrete tests than in the aggregate inter-
lock tests (Figures 3.13a and S.9a). 
The local bond between the concrete and the reinforcement also 
influences the way in which changes in the reinforcement ratio affect 
the shear stiffness of the specimens. From Figure S.13c it is seen 
that although specimens SA and SB were reinforced with Yl6 and Y12 
bars respectively, the initial axial stiffnesses normal to the plane 
of cracking are very similar because of the better anchorage properties 
of the smaller diameter bars. Only when the local bond starts to 
break down does specimen 5B have a significantly lower axial stiff-
ness and hence a lower shear stiffness (Figure S.13a). This 
influence of local bond on the axial stiffness clearly did not 
occur in the aggregate interlock tests, where the reinforcement was 
debonded. From Figure 3.l2c and 3.13c it is seen that using larger 
diameter reinforcement increases the axial stiffness directly and 
causes a consequent increase in the shear stiffness. 
A third effect of local bond in the reinforced concrete tests was 
to make the shear stiffness of the specimens more sensitive to 
changes in the concrete strength than were the aggregate interlock 
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specimens. From Figure 5.lOc it is seen that the low compressive 
strength of specimen 5D caused a lower axial stiffness than that of 
specimen 5G. Consequently the shear stiffnesses of these two 
specimens were much closer than would otherwise have been expected. 
In the aggregate interlock tests the compressive strength of the 
concrete did not significantly affect the axial stiffness normal 
to the plane of cracking and hence had less influence upon the 
shear properties of the specimens. 
The mechanism of local bond may also influence the shear behaviour 
of the reinforced concrete specimens in a way that depends upon the 
type of reinforcing bar used. Walraven (42) reported a greater 
ratio of crack widening to shear slip in reinforced concrete specimens 
than would have been expected from the results of the aggregate 
interlock tests. This was attributed to the effects of internal 
cracking at each reinforcement rib. caused by high local bond 
stresses. This internal cracking (Figure 2.8) was observed by 
Goto (22) using deformed reinforcement with the ribs normal to the 
axis of the bar. 
Kanabar (68) repeated Goto's tests using Torbar and Unisteel 410 
(Figure 5.1) reinforcement of the same type as used in this project. 
Unisteel 410 was the most similar available reinforcement to that 
used by Goto (22) and by Walraven (42). It was observed that 
internal cracks were not initiated from every reinforcement rib in 
the manner found in reference 22 using either type of reinforcement. 
Illston and Stevens (27) also could not repeat the findings of 
Goto (22). It is not yet clear why there was this difference in 
local bond behaviour but it is believed that the small angle measured 
between the face of each reinforcement rib and the axis of the 
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reinforcement on both types of bar (Figure S.28) may have caused 
sliding of the concrete over the ribs instead of initiating internal 
cracks. The polished surface of the concrete in contact with each 
rib (Figure 5.27) on the compression face observed after testing 
provides support for this theory. 
The absence of internal cracking in the reinforced concrete specimens 
could explain why the ratio of crack widening to shear slip was 
sometimes below the lower bound observed by Walraven (42) (Figure S.17b). 
It can be seen here that there is little difference between the 
behaviour of specimen SE, reinforced with Torbar, and that of 
specimen SM, reinforced with smooth debonded reinforcement. The 
small differences observed can be attributed to the different axial 
stiffnesses of each specimen (Figure S.l7c). 
More study of the nature and effects of local bond is required 
before the high ratio of crack widening to shear slip observed in 
specimen SL, reinforced with Unibond 410, (Figure 5.16) can be 
explained. From Figure S.l6b it is seen that although the axial 
stiffness of the reinforcement in test 5L was greater than that 
used in test 5E. the ratio of crack widening to shear slip was 
greater throughout the test. This is contrary to the trends followed 
by the other specimens. It would be expected that the higher 
axial stiffness of the reinforcement in test SL would restrain the 
crack from widening at the same rate as in test SE. Hence there 
would be more crushing of the crack faces in contact and less 
overriding. This was not observed. 
It was then thought that the difference between the two results in 
Figure S.16b might be attributed to the higher concrete strength 
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achieved in test SL. This would provide a greater resistance to 
crushing and hence increase the degree of overriding of the crack 
faces. However, this hypothesis was not supported by the results 
of tests SD and SK (Figure 6.13). The cube strengths of these 
specimens range from 25.5 N/mm2 to 45.4 N/mm2 , Although each 
specimen has different reinforcement, the effect of the different 
anchorage properties has resulted in a very similar overall axial 
stiffness of the reinforcement up to a crack width of 0.4 mm 
(Figure 6.l3c). It is therefore seen from Figure 6.l3b that the 
different concrete strengths do not result in a significant 
difference in the ratio of crack widening to shear slip. The 
differences in shear stiffnesses, Figure 6.l3a, are probably 
attributable to the different dowel action stiffnesses. 
It is possible that the difference in behaviour between specimens 
SL and SE was due to the effects of different internal cracking 
produced by the respective rib patterns on the reinforcement, but 
no evidence of such cracking was found. 
6.3.2 Comparison of reinforced concrete test results with 
aggregate interlock and dowel action test results 
In endeavouring to assess the relative components of aggregate 
interlock and dowel action in the behaviour of a reinforced concrete 
specimen it is necessary to consider several points:-
In a reinforced concrete specimen there is always crack 
widening associated with shear slip. This causes axial tension in 
the reinforcement which will reduce the dowel action shear stiffness. 
It has been shown that the axial stiffness of a reinforced 
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concrete specimen normal to the crack plrule is not the same as 
that of an aggregate interlock specimen with the same reinforce-
ment because of the effects of local bond. Furthermore this 
stiffness is non-linear in a reinforced concrete specimen. It is 
therefore'necessary to compare specimens having the same axial 
stiffness, not the same reinforcement ratio, in order to determine 
the shear stiffness due to aggregate interlock in a reinforced 
concrete specimen. 
When assessing the contribution of aggregate interlock to the 
shear stiffness of reinforced concrete, it is essential that both 
specimens have the same crack width profile or if the crack width 
profiles differ, that this is taken into account. It was seen 
in section 5.4.6 that the cracks in the reinforced concrete 
specimens tested in this investigation had a unifo~l width beneath 
the surface of the concrete. As there is no local bond in the 
aggregate interlock tests the cracks in these specimens will also 
have a uniform width. 
The existence of a uniform crack width in a tensile reinforcE:d 
concrete specimen is not consistent with the findings of Goto (22). 
IUston and Stevens (27) or Broms (26). However none of these 
research workers used Torbar or a similar reinforcement with 
helical ribbing (Figure 5.1). 
Goto (22) used an ink injection method to examine internal cracks 
and hence could not measure the crack width directly. A crack 
which diminished in width towards the reinforcement was therefore 
deduced by Got'o from the pattern of internal cracking (Figure 2.8). 
This internal crack pattern was not observed in the present 
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investigation (Figures 5.23 - S. 26) . 
Broms (26) and Illston and Stevens (27) did not record what type 
of reinforcement was tested but it appears to be similar to 
Unisteel 410 (used in test SL). Resin injection tests were not 
carried out using this type of reinforcement by the writer. 
However, Kanabar (68) did carry out similar tests to Goto (22) 
using Unisteel 410 and did not observe the type of cracking 
reported by Goto. 
A recent paper by Skorobogatov and Edwards (69) compares the local 
bond behaviour of Unisteel 410 with the Swedish manufactured 
Wel1bond. Both reinforcements have a similar rib pattern, but a 
different rib cross-section. The internal bond action was reported 
to be quite different. It is possible that the reinforcement used 
by Broms (26) and I1lston and Stevens (27) was also acting in a 
different manner to the Torbar in this investigation which may 
explain the different crack width profile observed. It is also 
important to note that both Broms and I11ston and Stevens required 
a high pressure to force the epoxy resin into their cracks in 
reinforced concrete. The resultant hydraulic force would also 
tend to widen the crack remote from the reinforcement and may explain 
the divergent results. If a low viscosity high capillary action 
resin is used as in this investigation the possibility of this 
effect does not arise. 
It would appear that regardless of whether the local bond stresses 
cause internal cracking at each rib or crushing or sliding of the 
concrete against each rib, an adequate bond strength is obtained. 
- Both Torbar and the reinforcement used by Goto (22) et aI, with 
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ribbing no 1111 a 1 to the aXlS of the bar, arc widely used in ,'einforccd 
concrete' construct ion rlnd sat isfy the requi rcments of CP110 for 
enhanced bond rein forcement. Neither CP110 nor the continental 
rcqui rcmcnts for minimum "related ri b aren" contain any speci fica-
tion for a minimum angle between the rib face and the axis of the 
reinforcing bar. 
\\'11en the resu 1 ts of reinforced concrete tests and aggregate interlock 
tests, ,dth sillli lar axial stiffncsses nonnal to the plane of 
cracking, arc compared (Figures 6.14 to G.lf)) it is found that the 
shear stiffill'sses and the ratios of crack widening to shear slip arc 
:l1so quitl' similar. All thl' curves have hC't'n plot.ted as broken lines 
,dwl1 the 110nn;11 ~;tiffnesses in j:igures (l.l·le, 6.15c and {).lGc arc no 
1011),'.l'l' simiLlI', dul' to brl'a" down of local hand in the reinforced 
cOile rl'tc SpL'C i 1IlL'IlS . In hgures 6.14:1, ().E)a and (J.l()U the cOlltri-
bilt i\)11 of d\ll\'cl ;Ictioll to the shear stiffness, predicted from 
l''1llation (),S, i~ also dr,nm. 
1:]'\lIl\ thL'SL' ri!',lIl'L'S it is dcdllL:eJ that, for the reillforcement ratio:; 
:l!ld d i ,III1L't l'rs l'xalll i !led, the m:lj urj ty 0 f the shea l' s t i ffness 1 S 
III j:igures ().14a 
:lnd 6.1S:I, \.-11('1'(' till' n.'inforcement in the reinforced concrete 
Sj1L'L'i11ll'Il~: II,IS :I diallll'tL'l' of t) 111111, t'quation (l.S provides all ovcr'-
('~;til11atL' PI' till' dmH'1 ;lctiOIl sheal' stit'fll(,ss hecause the suft.ening 
('(r<'L't L,r the PI'otL'ctivL' ruuhl'r coating over the straill ~:auges h:l~; 
Ilot bcell ta).,cn into account. This softening effect is clearly 
h:tlf that prcdicted by l'qu;ltion 6.S. 
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~ll1d aggregate interlock stiffnesses is greater than the stiffness 
of the reinforced cone-rete specimen. Equation 6.5 should give a 
realistic estimate of the dowel action stiffness hecause the strain 
gauges arc embedded within the 12 mm reinforcing bars and hence 
should have little influence upon the dowel stiffness. It is seen 
from Figlll'C 6. l6b that the ratj 0 of crack widening to shear slip 
is higher for the reinforced concrete specimen and heIlce from the 
moJel discussed in section 6,1.2.6 a lower aggregate interlock stiff-
ness is predicted. lIowever as both the reinforced concrete 
spccimcn and the aggregate interlock specimen had sjmilar axial 
stiffncsses 110 l1na 1 to the crack plane (Figure 6.16c), itis not 
clear why tht' ratios of crack widening to shear slip arc not morc 
simi 1 a r. 
From the comparisons of aggregate interlock and dowel action test 
results ,,'jtll those of tl1(' reinforced concrcte tests there appears 
to lw 110 nbvious differellce in the bl'!l:lviour that cannot be 
;lttributl'd tu thl' effects of local bOl\d, as discussed. 'Ihe ratio 
uf c rach \\' i den i Ilg to shea I' s 1 it) and the shear 5t j ffncss of a 
l'l'inful'ccd l'oncretc spccimcn are similar to that which would have 
becn expccted from the dowel action and aggregate interlock test 
rcsul ts. More aggregat e inter10ck and re inforced concrete tes ts 
"i t h tIll' sallle ;LX i al s t i ffness nonna1 to the crack planc arc needed 
tu confil1l1 this hypothesis. IlowcvC'r all initial verification can be 
l1l:hlc by :Jttt'lilpting to predict the rcsults of thc l'cinforced concrete 
tl'sts f"'llll the aggregate interlock equations 2.21 and 2.22 alld the 
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6.3.3 
In Figures 6.17a to 6.171 thc aggrcgate interlock and dowel action 
components of the shear sti ffness of each reinforced concrete 
specimen have been evaluated from equations 2.21, 2.22, 6.4 and 6.5. 
These components arc then slUnmed and compared with the reinforced 
concrete shear stiffness. 
These equat ions can only be uscd \vi th confidcnce j f the axial force 
in the reinforcement is accurately known for any given crack width. 
This infonllatioll was obtained frolll the experimental results. When 
one of tl1(' measured strains exceeded 0.00235 the material at this 
point \,as no longer clastic and the method described in section 5.3.2 
was lIsed to obtain an l'st imate of thc ax ial tonsil e force. Once 
this had occlIl'],l'l1 the curves plotted ill Figure 6.17 were depictcd 
as broken I ines to indicate that less confidence should be placed 
III I-'igUI'L'S (1.17c, (1.17!' alld 6.17i, wlll're K 111111 l'einforcement was 
lISl'd, the d(Ml'\ action stiffness was over-estimated because of the 
softl'ning l'ffl'l't of the protective covering to the strain gauges. 
All the dowel ;lction curves have been evaluated llsing a constant 
\';l!lIe of -:-Sll ;\/II"n 3 for the foundation modulus, (;1"' lIsed to find 
till' initi:d qiffI1L'SS 1\, ill ('qll;ltion ().~;. 
I 
It is Sl'l'l\ th;lt h'Ill'1l tIll' illitial cracK width is 0.25 111m or less 
the shear st i ffness of the rc infol'ccd COllcretc specimens can be 
quite clc)sl'ly predicted (l:igurcs 0.l7a to 6.17f). 1I00oJcvcr for 
SPl'CiIlll'IIS I"ith an initial crack \ .. idth of O.S mm (J.'igures 6.17i~ to 
(l.Iii) ;lll OVl'ITstimate of the shear stifflless is obtained. 
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This overestimate is particularly noticeable for specimens SH and 
51 where the component of shear from aggregate interlock is calculated 
to be a greater value than the total shear in the reinforced concrete 
specimen. This error may come from using the linear equations 2.21 
and 2.22 to determine the aggregate interlock stresses. These 
functions do not intersect the origin (Figure 2.30) and as a result 
an overestimate of the aggregate interlock component is obtained, 
particularly for specimens with a large initial crack width and a 
low axial stiffness normal to the plane of cracking. 
In test SJ the 8 mm reinforcement was not fitted with strain gauges. 
The bondslip curve (Figure 2.9) derived from the work of Martin (24) 
was used to evaluate the axial stress. This resulted in a more 
rapid curtailment of the dowel action shear stiffness than in the 
other tests (Figure 6.l7j). It was seen from the dowel action 
and reinforced concrete tests (Figure 4.9 and 5.7) that for a crack 
width greater than 0.5 mm the axial reinforcement stress was no 
longer predicted accurately by Martin's theory. More test results 
of axially loaded reinforced concrete specimens, with and without 
coincident shear loading, are needed before the entire range of 
Figure 2.9 may be used with confidence. However, using Figure 2.9 
the predicted shear stiffness for the reinforced concrete specimen 
SJ was within 13% of the actual shear stiffness, for the whole 
range of shear slip examined. 
Figure 6.l7k shows that an overestimate of the shear stiffness is 
obtained for specimen SK, reinforced with four 8 mm bars. The high 
value calculated for the aggregate interlock stiffness cannot yet 
be explained. However, the use of four closely spaced bars makes 
splitting of the concrete more probable. This, together with the 
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presence of a rubber coating over the strain gauges, may be the 
reason that the dowel action stiffness was lower than expected. 
The shear stiffness of specimen SL, reinforced with two 12 mm 
Unistee1 410 bars was predicted fairly closely (Figure 6.l7t) by 
the aggregate interlock and dowel action theory. This supports the 
belief that Torbar and Unistee1 410 both act in a similar manner 
because of the shape of the rib section and in spite of the different 
pattern of ribbing. 
In Figure 6.18a to 6.18~ the crack widening to shear slip from the 
test results is compared with the behaviour predicted by equation 2.21. 
This is again plotted as a broken line when less confidence is held 
in the accuracy of the curve. 
It can be seen that the predicted crack width to shear slip 
relationships follow the trends observed for aggregate interlock 
specimens. An initial shear slip with no crack widening is predicted, 
but not observed in the tests. This is again due to equation 2.21 
not intersecting the origin. After this initial slip the ratio of 
crack widening to shear slip is usually a little higher than measured 
in the tests. 
From all these results it was concluded that, for the range of 
specimens tested, there was no fundamental difference between the 
action of aggregate interlock in a specimen with embedded reinforce-
ment to that in a specimen with sleeved reinforcement. The high 
ratio of crack widening to shear slip and the additional shear stiff-
ness observed by Walraven (42) in reinforced concrete specimens when 
compared with aggregate interlock specimens (section 2.5.2.4) was not 
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observed in this investigation. Jt is believed that the "internal 
stl'ut" efCl'ct l11ay be peculiar to a l'cinforccmcnt type not used in 
these tests. Although there is sOl11e unexplained scatter between the 
predicted behaviour of reinforced concrete specimens and the measured 
behaviour, the aggregate in terlock and dowel action modc Is dis cussed 
give a useful insight into the micro-mechanics of shear transfer 
1n cracked reinforccd concrete and provide a reasollable cstimation 
of shear stiffilCSS up to ultimate loading. Thc specimens whose 
behaviour was predicted with thc least accuracy were those with an 
initial l~rack \.,riJth greater than 0.25 mill, the maximum serviceability 
cl"ad, \~iJth pel1nittcJ by B.S. S400. 
The shc:1l' behaviour of the reinforced C011cret<.' specimcJls has been 
predicted by \Ising thL' experimentally measured 1"L~lutiollshir betwccn 
the crack. width anJ the axial l'eillfutTCllIcllt stress for each specimen. 
~lorc resc;lr .... h IS nceded on this relationship so that the axial 
rcinforcellll'nt strc'55 for any given crack width call be calculated 
h'i thollt the llC'cd for inteTIlal strain gaugcs. OIlCC thi s has been 
:H.-hievcJ the proposed l'quat ions can be usco to prcdh:t the 
bl'l1:Iviolll' of a cracked reinforced concrcte structure. 
f 
01 Lateral load causes splitting crack. 
t 
bJ Increas~d latera I load causes op~ni n9 of crack, Cw 
~ tensile stress in steel, "5 
J oc d Ac : - J CTS d As 
c~ < Cw 
I C7"s < CTS 
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in steel c:r; and compression in concrete. 
FIGURE 6.1. SCHEMATIC DIAGRAM OF CRACK FORMATION 
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C HAP T E R S EVE N 
FINITE ELEMENT MODELLING OF SHEAR TRANSFER 
IN CRACKED REINFORCED CONCRETE 
7.1 Requirements of the model 
The finite dement method of analysis is a widely used numerical 
method 1")I1:1bl illg satisfactory solutions to he obtained for many othcr-
. 
"'ise insoluble structural problems. lIowever, if it is to be used to 
mOckl the !Jeh:I\'iour llf:l brittle material, Stich as reillforced cOllcrete, 
therc an' !'in'cral Illodificatiolls which must be made to the standard 
Illcthod tu ~:i\'e;l rcason:l])ly accurate soilltion. 
The formation of a crack \~ill result in a reduction in t.he tensile 
stiffness of the reinforced concrete normal to the plane of cracking. 
The nc\,' st i ffnL'ss wi 11 be determined by the alllollnt of reinforcement 
crossing the L'rack, the orientation of t.he reinforcement with respect 
to the crack and by the stress level in the reinforcement and hence 
the amount of tension stiffening provided by the concrete. It is 
nccessary t.herefore to 1II0Jel the changes in direct stiffness Jue to 
the fOTm:ltioll lJf a crack. 
The effects of tensile L'racking IllllSt also be mouclleu by m:1king chanl'.es 
ill the other clemental sti ffness terllls. Shear slip across the crack 
\,ill reduce the shear stiffIH'ss of the cracked clement. The indirect 
stiffness dtll' to the Poissoll effect lIIay also be affected hy tensile 
cracking. This occurs because the lateral strain normal to the 
n'ack, causeu by direct loading parallel to the crack, will tend to 
rcsult in a ch:lI1ge in the crack willth insteaJ of inducing a direct 
stress in tilL' l'Ollcretc. The Poisson stress resulting from loadin~: 
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normal to the crack \,'ill not be affected by the crack. lIowever, as 
the direct tensile stiffness of the concrete normal to the crack 
diminishes \,ith increasing tensile strain, this Poisson effect stiff-
ness also becomes very small. 
A further neeJ to modi fy the d omental st i ffness as a result of 
tensile cr:llkill~: results from the tcnuency of the crack to widen as 
she:lr shl' t)l~"lIrs. This can be modC'lled by including a new "cross 
linking" 'itiffness term relating the djrect stress normal to the 
LTack 1\1 th the shear sl il' across t.he crack. However, from observations 
of the heha\'iour of the shear test specimens on unloading it was 
fmlJ1d tll:lt this relationship is not reversible. Releasi.ng the 
externally :lpplicd axial tensile force has the effect of increasing 
the compress i \'0 force appli cd ac ross the crack. This only caused a 
minim;ll l'l'\'CI'S:11 of the sl1l'ar slip. rt WilS reaSDned that the 
frict iUllal fUrL"CS on the crack faces in contact tended to "lock-up" 
till' l'I':h'\-' ;Ind IIJ"CVl'llt ~hl'ar sl ip I"hen a compressive force normal to 
The finite elelllent programs which I\'ere availahle to the writer were 
all long and compl ex general purpose packages I\'hich could not be 
L':lsih' llludifil'd to model the changes jn stifflless caused by tensile 
cracking. It I,;IS decided to \\Tite a simpler program which could be 
(,:Isil;; lllhiL'rstl)(ld and easily modified to represent the bchaviour of 
~"r;!ckcJ l"cinfol"ccd cOllcrete. 
lri:lllC',ul:lr. constant strain elemcnts 
-----.-.~ ---:.------.- ------------
Thl' tl1J"cl'-JIlJde constant strain finite clemont was initially st.udied 111 
orLll'l' to "\:;, ill l':-,pcricllt:c' in fillite clement techniques and programming. 
ihis tl,'O-,!II'll'llsional elcment i~~ simple to undcrstand and can bc used 
- 234 -
to model complex geometri cal shapes. The clement mesh can easily 
be gradoJ to give a more accurate solution in regions of high stress 
concentration. In AppcnLiix Al a linear, clastic analysis of the test 
specimen under axial 10aJing is described which predicted high 
concentrations of stress at the cogos of the unstiffencu end plntes. 
The premature tensile failure of the end plates was attributed to 
these stress concentrations ano from further analysis <J suitable 
stiffness fOI' the end plate was obtained to prevent this mode of 
failure. 
The major di';;ld\'aJ\tagl~ of the t-riall):ular. COllstant. st.r:llll c'lcmont lies 
ill the Inal'l'lIr:ll:~' of the solut ion oht:linod. No variat i011 ill st.rain 
"ithill tIll' l'll,'!I1ellt i;; llIudl' 1 led :llld IIcllce ;J 1:11')',0 11l11ll\)<.:r of clcJJlel1t~; 
arc rcqllin'cl to pI'uducc an acccptably accurate solution, particularly 
I,'here then' is a region of high strain gr:1Liicllt. Tho solution given 
11:- :1 1llC'~h uf tri:III)!lI\;lr clements also tends to he erratic aflu 
"OI1\'L'I'.!',L'lll'C (1l1to .111 L'\:lct solution by I'cducjll[~ the llIL'sh size 1'; slow. 
:\ 1')01'(' L'fficicllt solution .is obt;dneJ by usin!! a smaller numher of 
higlll .. '1' ordcl' L'IL'IlH,:nt~;. 
The qlladl'i \:llL~r:ll iso)l~Ir;lmctric clement has eight nodal degrees of 
fJ"L'cdol1l ;tlld ,':111 !llP,1c1 d I illcar v:lI'iatioll of strain c in c.iin..:ction y 
x 
:lIld S1 r:l i 11, III cl i I'Cl't i PI1 x • 
.,-
The stl,;tin is sampled at foul.' Caw.;s 
['L)ints \\'ithill the clelilellt :lnd :l Illllilerical integration procedure i,; 
u~ed to o\1t:l[11 the intcrnal elemcntal strain energy frulil the samplcd 
strains an,1 hell,',' to fl)I'II11dato the elomontal St.i[fIl0:;5 lIIatrix. The 
iSll!):lraJIIL'tril' family of elClIlL'llts all usc a sin!;lc interpolation 
flillct10n to define the 1~eometl"y of the clcment and to define 
displ:ll'l'I11Cllts h'ithin the elel1lcnt. 
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The four node clement is the simplest type of isopar::lllletric clement 
(Figure 7.1). lt is more accurate than the triangular clement but 
sti 11 has sevenl dis~ldvant:lges. It is difficult to grade a mesh 
of quaLh'ilatcral clements to produce a fine mesh in the region of 
expected stress concentrations. The strain f: cannot vary in direct jon 
x 
nor ~'ln val',\" in direction y. x, L. l \' • Consequently the bending strains 
are constant \,ithin each elcmcnt and so the solutjon can still be 
quite crude, The biggest disadvantage however is th:lt under pure 
bcnding the lIIodel predicts ~I shear straill at each of the Gaussian 
s:Il11j11c points, IIhcrc nOllc actual I)' occurs in a real specimen. This 
"1':lr;lsitic" shear strain el1er~y reslIlts in the fonnulation of an 
clement \\i til too high :1 flexural stifflless (Figure 7.2). 
Th .. ' flexural ~tif(Jle~s can be reduc('d to a more rca1i.stic value by 
lIsing a Illl'tlhhl of reduced integratioll of the internal element strain 
enl')'!',)' l~Ol, The dircct strain ellergy is Illlmcrically integrated as 
bcful'l.' USlllg samplcs from the four C;;wss points (Figure 7 .1b). The 
sheJr strain ho\\','\'cr is assLilIlod to be uniform throughollt thc clement 
;lI1d is S:IJ:11'1l'd ;It 11, (, .. O. Iknee a zel'o shear strain energy is 
C:lre lllUSt be Liken \\'hel1 lIS111g thcse mollified quadrilateral clemcnts, 
Unless the qU:ldrilatcr:11 is restricted to a rectangle the clement 
f:lils tIlL' "Iutl'!l tcst", This is a test derived hy 1rolls (7U) which 
cllS11I'CS 111:lt thL' sol\ltioll of the analysis cOllverges Ollto the eXilet 
solution as :1 su,:cL'ssivcly fillcr clelllent mesh is used. 
l:l1()h. l~'IJ l};l'~ ;Iho ShUhll that the modified rectangular clemellt is 
l")I1l],jL'\ l'll':lll'llt..;, Till' p]'(ll'erty of" iIlVOII'i:lI1Ce me:1JlS that the clement 
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strain or strain energy under a given set of loads in local element 
coordinates is independent of the orientation of the loads and the 
element to the global coordinates. Invariance is claimed to be a 
desirable, but not essential attribute of a finite element. 
The modified four-node element was considered to be sufficiently 
accurate for the purposes of this study. As the material properties 
of cracked reinforced concrete are not known accurately, the value 
of developing a more elaborate analysis is questionable. 
7.4 Modelling of material non-linearity 
The finite element method discussed so jar has been based upon the 
assumption that the materials behave in a linear elastic manner. If 
the materials behave in a non-linear way, this can be modelled by 
one of several iterative approaches. In this analysis the modified 
Newton-Raphson method was used which can be summarised as follows. 
From the known non-linear functions for the material properties an 
initial tangent stiffness matrix is derived. Hence a load matrix 
{p} is applied and the resultant displacement matrix {d l } determined 
(Figure 7.3a). From {dl} an updated secant stiffness matrix is found 
and hence a new load matrix {PI} which is consistent with {dl}. 
{PI} is then compared with the applied load {Pl. If there is a 
significant difference, the out of balance load {p - PI} is reapplied 
to the structure and an additional displacement matrix {dzl is found 
using the same initial tangent stiffness matrix. A new secant stiff-
ness matrix and load {P2} is then determined from the total deflection 
{~+ dz}. The procedure is repeated until the out of balance load 
matrix is negligible. In this analysis convergence was deemed to have 
occurred when, 
, 
p: ( p _ P,):)) i 
I 
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"here P - p, is the out of balance force at each node, with the 
I 
exception of restrained nodes. P is the applied loading at each node, 
The use of the initial tangent stiffness matrix to determine the 
di:-;pl:l('CIlll'llts during each iteration results ill more iterations to 
achieve cOTl\'ergencl' than if this stiffness matrix is updated between 
each iteratioll. lIowever it usually results in a more efficient 
:-;olutil1n jll'\)CCdllrl' hCC<lll:-;e inversioll of the stiffness matrix only 
O( (U rs onCl', 
This non linear method was further refined by applying the load in 
increments and thcn updating the tangent sti ffness matrix after 
each convergence, Figure 7.3b. This method provided a load-deflection 
Cll1'Vl' instead of just one final solution. It should be noted that 
c:l\.'l1 interim :-;ollltion in Figure 7.3a is a correct solution for an 
incorrect lllad matrix and hence is of no value. Only the solution 
Obt:l i Ilcd "hCll C,lllvl'rgence has bcen ach i eved is re 1 cvan t to thc 
applied loading. 
-:-.S FOl1llul:ltion nf a stiffncss matrix for reinforced concrete 
l' 
ThL' clelllL'Ilt-11 stift'lIl's'; matrix [1\ 1 may be obtaincd hy a minimisatiun 
,l( till' l'utl'llti:tl L'1l~'l'gy of the defol'llIcu clcment, unue}' any given 
load i 11~: ' It (.':111 bl' sho\\'11 (72) that in the absence of body fOI'cc'~ or 
(7, J) 
.l' , e . 
"]1L'!'\" P } ;ll'e tin' nodal displacements anu [P ] arc the nodal force~; 
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on the element. The elemental stiffness matrix [Ke] is given by, 
[Ke] = t If [8] T [D] [8] dx dy 
where t = the uniform thickness of the element 
[8] is a matrix relating the internal strains {e} at any point 
to the nodal displacements, {eel 
[D] is the material property matrix 
Hence 
{a} = [D] {d (7.2) 
In a two dimensional, plane stress analysis [D] is a 3 x 3 matrix. 
Thus, 
a y 
1" 
xy 
= 
For an uncracked reinforced concrete slab with bars oriented in 
the x and y directions, the reinforcement may be considered as 
(7.3) 
"smeared" unifonnly throughout the element. Hence the [D] matrix 
c in equation 7.2 is the sum of the components [D ] for concrete and 
s [D ] for steel, 
where, 
1 'V 0 
E c 
[DC] c 1 0 (7.4) = _ \I 2 \l c 1 
c 1 0 0 - 'V C 
2 
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,md 
I-
c x ·s II F 0 0 
r OS] := 0 
'\ E 0 (7,5) s 
0 0 0 
j) :md p arc the rt'inforcement ratios in the x and y directions, 
x \' 
is thl' 1'0isson ratio for concrete. 
--: I 
. , C) ~Iolll'll itlg of tensi h· cracking 
----------- -.
If th~' Iilt'all )1l"lllcipal tel1sile stress III the concrete of an elcmcnt 
exceeds the tensile strength of concrete then the clement is asswneJ 
to have crad,eJ in a direction normal to the principal tcnsL]o 
dirc,,-tiol1, This cr:lck can be mode1led by assLUIling its effects an:~ 
distl'ibutt'd throughout the clement and hence altering the [D] matrix 
by attributillg lllotlifit'd material properties to the re,inforced' 
IIlI Ill:ltloix is l1ol"lnally fOl1lluLltcd with respect to local axes parallcl 
,·i.)(Hdill:tll'S. The effect of modelling a crack in this .vay will be 
tll:lt till' 0\'l'1":111 behaviour of a cracked structure can he predicted 
'lui tc closel)', but the hchaviour within a cracked clement wi 11 not 
resemble that lll'curring adjacent to a real crack. 
t"lo;ld,l'd I"l'illf(ll-Ccd L'()(JCI'l'tc sti 11 has a ,-csidual tensi Ie sti rrlles,> 
nomal tn thl' plant' of cracking because of the tension stifft'ning 
]1]"o\'ided by till' local bund of the reinforcement. Tension stiffcning 
\\:1:-; tlh~l'n,',1 Ill' Chl'!- and Speirs (21) to decrease at higher st.r:lins 
;I~ t I\(' I ,)i." .11 I,un" h':IS des t rOyl'd ;1I1d ;11 so as new cracks we rL' 1"0 nll('d 
(I: I ,,',ll rco .1 ) . 
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Cilbert and \Iamer (73) considered several techniques for illcorpora-, 
ting the gl<.)bal ('ffed~s of tension stiffening into a finite clement 
anal ~'~ i ~ . Olll' t cchn i que \Vas to mode 1 the s ti ffness of the concrete 
as reducing incrementally as the tensile strain increases (Figure 7.Sa). 
,\11 altcl'lwtivc approach is to use a concrete stiffness which 
dilllinjshl'~ l'Ulltinuously with increasing tensile strain (Figure 7.Sb). 
The fir~t approach is simple to adopt and will apply to loadin~~. 
unloading and reloading of the clement. However, the discontinuities 
in stifflll'~'; art' not reflected by the response of a rcal tensile 
member and lIuy lead to convl'I'gence onto a false s:ituatioll. The 
:1l1l'l'llati\'l' Illl'tlwd lIlodels closer the behaviour of a rcal stnlcture. 
11<.1\';('\'<.'1', it I,ill he more difficult to implement and it docs not 
model the poc;,~jbility of a reduction in strain in the clement 
"llbs~'qLll'l\t t<.) lr;lcJ...ing. This Illay occur if an adjacent clement 
sllffl'I'S :1 r:lpitl l()s~ of stiffness even if' the external luad is 
"thinl aprrllach dis~~t1sscd tn reference 73 was to aSSlmle zero 
stiffnl'~s for the C(}Jlcrete at the onset of crackJlIg. Tension stiff-
~'IliIlg has tl1l'Il modell~'d by increasing the stiffness of the 
J'cinflHCCllll'nt to 1'(']1l'escnt the additional stiffness U'igure 7J)). All 
these lllctholb of modelling tension stiffening can be expected to 
~:i\'l' :1I1 :lp])J"<.lximation tu the overall stiffness of the structure, 
lIO\\'C\'l'r they l';InIlot be eXJlected to provide close cst imates of the 
1{ll":lli:~l,,1 C;!l'l':;~:'CS in the l'OIl(l'('tl' and the reinforcelllent immediately 
;ldi:il'l'Ilt t() :1 l'l':Il'''. One major disadvant;.q~c of illcludinl,; the 1clI';iull 
qiffl'llilli: l'Ifl'd h'ithill t.he stiffness ll13trix for the reinforcemcnt 
hl'~"'llll'~ :JJll':Il'l'nt \\'hcn a Ll)'crcd fillite ('lelllent analysis IS w;cd to 
El<)dl'l fk.\lIl'l' of a slab. The tCI1Siol1 stiffelling effect IS caused by 
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local bond \\'ith the reinforcement and would be expected to diminish 
\dth distance from the reinforcement. Howevcr if thc tcnsion 
stiffness is included in thc reinforccment stiffncss this effect 
cannot be modelled because all the tcnsion stiffening effect is 
applied at the level of thc reinforcemcnt. 
Cope et al. (~9) devcloped a simple but effective method of 
modelling tensile cracking lUld subscquent tcnsion stiffening by 
rcduci.ng till' tl'l1sile stiffness of the concrete, until at a high strain 
the concrl'tL' lilah'S 110 contribution to the matrix stiffness nonnal to 
the erae\., (l'igurc 1.7a). f\ reduction ill the tensile strain sub-
sequent t,J ("I·al.·king is modelled by adopting a secant stiffness inter-
secting the cracking strain on the x axis from thc position reached 
on the stl'C~;S strain curve. This was done in order to model the 
ohSL'l'v:ltiull that tensile cracks do not dose up completely when all 
the tL'llsill' In:lLl has been removed. 
1t was decidl'l.\ in this study not to attempt to model the initiation 
of tensi 1(' cracking but to assume that it had already occurred and 
that t]1L' position and dirt'ction of the cracks were known. Thc study 
\,as further restricted to cracking in a direction normal to the 
rcinf()I'ccl11cllt, as in the experimental tests. 
hll';1 ]lJ'l'l.·r;ld,t'd L'ICIllL'llt, a simple stiffness model 1'01' tCflsioll 
st i.ffcnillg is proJlosed (Figure 7.Sb), It is assumed that the sti fr-
IlL'S5 dll'\'l' fllr any unloading and rcloaJing will intersect the origin 
i.e. at ~l'r() load the crack closes lip clllllplctely. 
1ll'Il(L' if the crack is normal to the x-axis,the clementa] tensile 
stifflll'SS 1l1l in l'<[U<ltiOll 7.:' is giVL'll by, 
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= p E + a Ec where 0 < a < I 
x s 
If the strain is high enough that the stiffness is given by line 
Be on Figure 7.7b, a becomes negative for the tangent stiffness 
(7.6) 
matrix and is given by a bilinear expression for the secant stiffness 
matrix. 
A similar approach is adopted for cracking normal to the y-axis. 
The element is considered as having orthotropic material properties, 
the shear stiffness 03 3 being independent of 011, 012, 021 and 022' 
It was assumed that the Poisson effects were negligible for cracked 
elements. Hence v is zero in equation 7.4. 
c 
In the analysis carried out it was assumed that the spacing of the 
cracks was greater than the element size so that only one crack 
could pass through an element in the x or y direction. It is only 
possible to use this method if the initiation of new cracks no 
longer occurs and if the stabilized crack pattern is known in advance. 
The value for the shear stiffness 033 in equation 7.4 will be provided 
by the shear stiffness of the uncracked concrete and the shear stiff-
ness across the crack. Hence for all elements, 
= a G 
o 
where for an uncracked element 
= 1, 
1 + v 
c 
2 E c 
(7.7) 
and for a cracKed Cil'lIll'nt, 
Cr. C 
o 
+ ----G C; 
o crack 
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C is the effective shear sti.ffness of the clement due to shear 
crack 
sljp across the crack and is given by, 
T 
c; 1 
cracr;. 
S 
)crack 
T ,~ 
s e 
/I. 
s 
for tl1l' Sl',';ll\t shea!' st i rfncss :'1J1d, 
d d 1 
d y 
c r:ll'" 
Q I C l !\ 
s 
s 
for the L1J1gL'nt shear st i frness, 
\,lwl'C \' IS the cll'll\l'nt size IlD l'Ina I 
l' 
to the' direction of crackillg, 
(7.8) 
(7, ~) 
,\S llJ.1 IS :1 fllndioll or the finitc' Vll'lI\l'nt mesh it must be r('til'tCI111inC't\ 
if the demeJlt Ille~;h is altered. 
lhe l'\iu:ltiol1s (),S, 2.,~1 and 2.42 may be used to determine the ~;lIear 
i ntl'l'[och. :111,1 can be expl'L'S5L'd as 
" 
r I l t: • ,\ ) ( ",' 1 ( ) ) , . 
x 
. " S 
T --, r ,(C , 1\ ) (7. 11 ) 
x.\' \\' S 
If tlw lTac" displa',~Cllll'nts arc again considered as strains averaged 
0\'('1' the l\'llllll' l'll'llll'llt, 
i . L' • 
:l 
s 
'r ' 
crack " C' 
ccrack 
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c 
w 
i 
c 
For cracking norlllal to the x axis, the equations may be rewritten as, 
a == f3 (( , yi x 
T 1'4 (c, y) 
xy 
These CXpl'l'ssions arc U1lsuitablc for the uerivation of secant 
stiffnessl's in Jltatrix fonl1. I!owever, the tangent stiffness, which 
is Ill'l'llcd f,H the formulat i on of the overall 5 t i ffness matrix can 
], l' ll!Jt;1 i Ill',l ]1)' ]1; II't i ;J I d i ffer'cntiat ion. lIellcc 
( ~\r,(,. y) / 6 f~ c'\ 1'j (c , 1')/61' {~: } !J ,) J \. (7. 12) , 1d l o f'l ( F , Y)/OE: cH4 (E:, y) /6y 
L \. \' ,-
hll' the illiti;11 developl1lent (If a non-linear analysis these complex 
expressions for terms ill the tangent anu secant [DJ matrices were 
;l\',1i,kd. ,\ f,lurth order polynomial 'vas used to fit the T - 1\ 
s s 
test results in Chapter S. 
Ilene ('. 
;1 \ -I h 
, "Lll'" 
t C 
"hc're 1 I i~; c"'filled in equation 7.S. '11)(' constant'; wefe 
c Lll'" 
l'xplil'itly i'ulilld for l':lch test result. 
( 7 . I:)) 
1'l1l' tl'll,klll'\' <It' ;1 crack to \"idell ,.,.hel) shear slip occurs shoulJ :lIso 
b~' illclu,kd ill tl1l' crad,cd [UI matrix. Bazant (51) attempted this 
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by using an empirical relationship between C and t:. and hence 
w s 
between E and y .. TIll'S ex!)ress' It d' [] f x xy Ion rosu . e Ina D matrix or 
concrete which was singular. Th' I' 15 resu t IS not surprising sincc 
if E: x and Yx), arc no longer indepcndent parameters the 3 x 3 [D] 
matrix may be rq>laceu by a 2 x 2 [D] lIIatrix. 
In this stud)' thc crack widening associated with shear slip is 
modelled by including a D13 term in the [D] matrix when cracking 
occurs nomal to the x axis. Hence the material properties of the 
cracked reinforced concrete element are represented by. 
o 
[DJ 0 (7. 14) 
o o 
",1ll'1"l' the supl'J'scripts l'c1'cr to the respective components of 
st i fflll'SS duc to the stl'cl and due to thc crackcu concrete, as 
shoWI1 in equations 7.4 and 7.5. The asymmetriC [D] matrix in 
l'quation 7.1·1 results in an asymmetric overall structural stiffness 
matrix. 
,\ ,':l'I1(' 1';1 I, IlOIl c linear expression for D13 may again be derivcu frolll 
equations :2.·tl al1d :2.42. c However for the initial analysis D13 
,,·as asstullL'd to be a lint'ar term and was obtained empirically from 
the test results ill Chapter 5. 
If an L'ICIlll'l1t \'Cprl'Sl'Iltl'd by elluation 7.1tl i.s 5ubjcctetl to a shear 
c 
stress T , 
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From equilibrium thc composite direct stress a is zero. lienee, 
x 
o 
c 
x 
TI1crefore the direct stress in the concrete a cis given by, 
x 
llence, 
c c 
a := 0Il 
x 
o 
x 
c 
c c 
- Dll D13 Y 
(DICl + DlSd 
c 
0 
c x D13 := 
C 
T 
(7.15) 
(7.16) 
For simpl ici ty 1)1c3 has been asswned to be a constant term. llence the 
a C 
ratio of .-.:~ 
c 
T 
c 
and 033 in equation 7.16 arc mean values obtained from 
the slopes of the experimental results in'Chapter 5 . 
. \ :-;hear sl i Jl \\i 11 C3u:-;e the crack width to increasc rcgardlcss of 
the directioll l)f shear Slip. c This means that 013 must always have 
;1I1 oPPO:-;itL' :-;ign to that of the shear strain y, to produce an cxpandin~~ 
lateral strain in equation 7.15. A dilemma then arises when trying 
to solve a general problem. The stiffness matrix must be formulated 
fi r:-;t. Loads arc then applied to the structure and the nodal 
displacl'mellts arc found. From these displacements thc strains within 
cach clement arc determined. Ilowever until the sign of the shear 
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c 
strain is known, the sign of the D!3 term is unknown and hence the 
stiffness matrix cannot be found. 
In the analysis carried out in this study the direction of shear 
deformat i on was obvious from the direction of the applied loads. 
However in a more complex analysis a guess of the probable direction 
of shear Jcfol1nation in each clement must be made before uny analysis 
can be ~urried out. A check on the sign of the shear strains giVen 
by the soilit ion can later be made to confirm the original guess but 
this docs not guarantee a correct solution. An incorrect original 
guess may result in an incorrect solution which is nevertheless 
consistent with the guess. More analysis needs to be carried out to 
determine whether this is an important problem or not. 
Equation 7.14 is only valid for monotonically increasing shear loading. 
This is because the shear stiffness of a cracked clement is not 
c 
eiastic and hence equation 7.13, which is used to obtain D33 , will only 
1l11.ldel the behayiour during increasing shear loading. Therefore it is 
Ill'CeSsal'y to check durillg the analysis that no clement is unloading 
in shear. 
lIoheveJ' it ,,'as thcn realised that there were more fundamental 
l)\JjL'Ltil)IlS tl) thl' lISC of all asymmetric term 1)13 in the lD] matrix. 
The lise of non-symmetric teTIns contravenes the Maxwell-Betti 
re(:iprocal theorem and implies that the internal strain energy stored 
in a structUl"L' is dependent upon the sequence of loading i.e. the 
SyStl'lll is non-conservative. This is in fact what happens. It is an 
ellergy dissipating action such as friction or crushing which is 
prcvent ing the CI':ll'K from tending to shear' when a normal comprcssi vc 
fl)J'(l' is :Qlplicd, in the samc way III which thc crack tends to widen 
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when a shear force across the crack is applied. If the finite element 
method is based upon a minimisation of the total potential energy in 
a system, using the Raleigh/Ritz method, then this is invalid for a non-
conservative system. Nevertheless the finite element method has been 
used with some considerable success upon non-conservative systems such 
as viscous fluid flow, using the Galerkin method. This has been done 
(72) by treating viscosity as 'a reversible property, similar to the 
shear modulus, G, in a stress problem. Reversal of flow is not permitted. 
Where convective acceleration terms cause the [0] matrix to be asymmetric, 
these terms are usually ignored. If they are too large to be ignored 
a Newton-Raphson iteration, using a symmetric tangent matrix stiffness 
to converge onto an asymmetric secant equation, cmrbe used. 
A similar procedure can be used to solve the problem resulting from 
the asymmetric [0] matrix in equation 7.14. An approximate tangent 
[Ole matrix is given by, 
011 
o 
or by 
o 
o 
o 
o 
: 1 
D,J 
The resulting structural tangent stiffness matrix may then be used 
(7.16) 
(7.17) 
to converge onto a soluti~ displacement matrix, from which internal 
stress resultants, in equilibrium with the applied loading, are 
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obtained by using the asynunetric secant [D] matrix. 
Although the initial tangent stiffness resulting from equations 7.16 
or 7.17 is only approximate, convergence onto a satisfactory solution 
should be obtained. Even if the tangent stiffness was ini tially 
correct, it becomes approximate after the fi r5t iteration (Figure 7. 3a) . 
Tangent stiffncsscs derived from equations 7.16 and 7.17 will both 
produce convergence onto the same solution but depending upon the 
relative magnjtude of the [D) matrix terms, one will produce a more 
rapid convergence than the other. 
.., -
I • / The behaviour of cracked reinforced concrete structures under 
shear loading 
The aim of this section is to study the behaviour of a real structure 
which has been cracked in tension and undergone subsequent shear loading 
::mJ to compare this with the behaviour which is predicted from a 
theoretical analysis based upon the shear test results described. 
TIle prograune of this collaborative research project with the 
Transport and Road ResC:1rch Laboratory was linked with the test i ng of 
a half scale hridge' deck. This bridge deck (Figure 7.8) was of 
nmlpositc l..'ol1struction I,ith <.Lninsitu reinforced concrete slab cast 
onto precast prctensiolled beams. It was planneu that an abnonnal 
lIB loaJ \wlIld be applieu in a loading sequence which would cause 
longitudinal l"l'a~.'king right through the slab, adjacent to one of the 
precast beams. Cracking in this position would be expected to cause 
significant shear lag when a flexural load is subsequently applied to 
the be~n. It was hoped that the difference in flexural stiffness of 
the beam, caused by longituuinal cracking, could be predicted using 
the kllOl\lcdgc of the ill-plane shear' sti ffness of a cracked clement. 
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Measurements of the shear slip occurring across the longitudinal 
cracks "QuId provide addi t ional confirmation of the validity of the 
model. 
In the evcllt, the bridge tests were not carried out during the 
duration of thc project. It was necessary therefore to search through 
cxisting publications to find a set of test results which would prove 
suitable fur comparison with the model developed. 
This scarch proved to be harder than first expected. There were very 
fc" publ i shed experimental results of tests where te11si Ie cracking 
~as initiated in a structure which was subsequently reloaded to 
apply shear stress across the cracks and none where there was 
sufficicnt test data to permit comparison in detail of the overall 
structural behaviour with the writer's results. 
:\ recent publication by Jimenez et a1. (37) concerning the effects 
of carthquake loading upon reinforced concrete pressure vessels was 
J i scovel'L'J ill ,,,h i ch the specimens did have a sui tab Ie loading sequence 
and instrumentat ion to allow some comparison with the theoretical 
model. !\ test slab (Figure 7.9a) was initially loaded in biaxial 
tension, causing a series of tensile cracks normal to the direction of 
loading. l~e tensile loads were then maintained whilst shear stresses 
,,'ere CIllSl'J by applying direct loads at the thickened corners of 
till' slah lFigul'c 7.~lb). 
\11 cffl'cti\'l' shl'ar modulus, G was obtained relating the mean shear 
stl'CSS in thL' slab, 1, to an average shear strain value, y, obtained 
[r,)111 thc Jil'c,:t strain of the diagonals Dl and 1)2. The widening and 
shl';II' slip a~'n)ss the tensile cracks ,,,as also recorded Juring shear 
loading. 
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It was observed that for a mean shear stress less than 1 N/mm2 
shear slip across the cracks did occur and the crack widths increased. 
However, at higher levels of shear stress diagonal shear cracks 
started to form. Further shear strain was accommodated by a widening 
of these diagonal cracks and the formation of new diagonal cracks. 
Very little additional shear slip across the original tensile cracks 
occurred for shear stresses above 1 N/nun2 • 
The shear stiffness across a crack was seen in Chapter 5 (e.g. 
Figu!'(' 5.13a) to be constant at stresses less than I N/mm2 • It. was 
therefore decided to use a linear finite element analysis to compare 
these test results with the initial behaviour of the biaxially 
J 
cracked slab. The slab was modelled using a mesh of linear, rectangular 
isoparametriC' clements (Figure 7.10). 
An clastic analysis of the lIncracked slab was initially carried out, 
to determine the effect of deriving the shear modulUS, G, from 
:lVl'raged she:ll" stresSl'S and strains. Concrete propert i cs of 
1: 2S x 10) N/mm2 and v = 0.2 were useu, resulting in 
11 
G 10.4 x 103 N/~n2. The effect of the reinforcement upon the 
o 
!-'hl'ar stifflll'!-'S of till' slab was ignored. Compressive and tensile 
\.·L)I"I1l'I· loads of 1:)1 kN were applied to give a mean stress of I N/mm2 . 
Ft'om the displacements of nodes 12, 19, 82 and 89, an ;.lVL!rage shear 
strain of 1.03 x 10-4 was obtained. 
IICllel' , 
C; = 0.59 C 
o 
The reason for this c.li fference between C; and G is that the corner 
o 
loadin'g doc!" not produce a state of pure shear in the slab. The shear 
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stresses in the centra] region of the slab, where the shear strain 
is measured, arc considerably greater than the mean shear stress 
over the entire slab (Figure 7.11a). The presence of cracks in the 
slab also alters the distribution of shear stresses (Figure 7.llb) 
and soit is not possible to usc a constant teno to obtain a material 
shear modulus for cracked concrete from G. lIence the parameter G 
can only be used for a comparison between the shear stiffnesses of 
different slabs. It IIIlIst not be considered as all effective material 
modulus of the cracked slab. 
Specimen 0.3(M) in reference 37 was then modelled by reducing the 
shear stiffncsses of alternate rows and columns of clements to 
represent shear slip across the biaxial tension cracks. This was 
the closest approximation to the crack spacing observed in reference 
37 (sec J-'igllres 7.8 and 7.11). 
In specimen 0.3(~1) reinforcement ratios of 2.4% and 1.2~o were used. 
The slab \vas loaded in tension to cause axial stresses in the reinforce-
IlIL'nt of 248 N/m1ll2 (0.6 f ). These stresses were then maintained at y 
124 N/nuu2 (0.3 f ) whi lst the corner shear loading was apIllieu. )' 
The test specimens with specifications and luad history most simi lar 
to thOSL' of slab 0.3(~1) were specilll('ns SA and SB. These had 
l'cinforcl'IlIL'llt ratios of 2.1% anu 1.2~,. The axial loadings maintaincd 
uuri ng shear loading were a Iso qui te simil ar (rei n forcement stresses 
of 164 N/mm2 and 139 N/mm2). lIence the behaviour of the cracked 
slab 0.3UI) was model1eu by reducing the shear modulus of the cracked 
l'JcIlll'nts :Ippl'opriate to the test results SA and 513. From Figure 5.]:';1 
and equations 7.7 and 7.8, a shear modulus of 0.18 G was derived for 
o 
clement:- with a crack in either direction. A shear modulus of 0.10 (; 
o 
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was derived for clements cracked in both directions. 
ThL' predicted average shear sti ffness of the s lab was much higher 
than the result obtained from test O.3(M), (Figure 7.12). There 
are two factors which may contribute towards this discrepancy. The 
specimen slab O.3(M) was first loaded in tension so that the axial 
stresses in the reinforcement in each direction reached 0.6 f , to 
y 
initiate all the tensile cracks. These stresses were then reduc.ed 
to 0.3 f before shear loading was applied. This load history was y 
not f" llowed by specimens 51\ and 5B, where the reinforcement was on ly 
stressed to 0.3 f before the application of shear 10aJing. The )' 
additional tensile loading on specimen O.3(M) probably caused extra 
Jrunagc to the reinforcement bond and hence resulted in a reduced 
aggregate interlock shear stiffness. Dowel act ion lTIay also be 
impaired. It is also quite probably that the crack widths in 
test O.3U,l) arc higher than those in tests 51\ and SB, due to a lack 
of fit of the crack faces as the tCllsi Ie strcsses v;'ere reduced from 
o.() f to 0.3 r. This would also cause a reduction of the shear y )' 
st iffness. lYe have been unable to obtain further data on these 
crack widths. 
The second factor which could well influence the differences in 
shear stifflH'ss is relatcd to the prescnce of reinforcement and cracks 
in both dirl'l.'tions in test (),:)lM) but in ollly one direction in 
tl'Sts SA :Ind SII. TIll' tensile cracks in test O.3(M) tend to follow 
the path of thl' reinforcement (Figure 7.13) and hence the local bond 
hd\,'Cl'n any l)f thc reinforccment and the concrete is almost certaillly 
negligible. The reduced stiffness llO tlTIa I to cach crack will result 
in:1 100,'c1' shear stiffness dlle to ag,\~regate jnterlock than was 
observcd in tl'sts SA and SB, wherc cracks were only present nonnal to 
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the I'cinfon:cment. The presence of cracks following the line of 
reinforcement will also reduce the shear stiffness due to uowel dction. 
It was therefore uecidcll to reanalyse the slab using a shear sti ffncss 
fol' cracked clements dcriveu from aggregate interlock tests, using 
unbonded reinforcement. Unfortunately it has not been possible to 
obtain details of the width of the cracks before shear loading on 
test 0.3(M) and an estimated width of 0.25 mm has bcen used. Fr.om 
the results of test IA and IS a shear modulus of 0.07 G has been 
o 
del'ived for clements cracked parallel to the y axis (Flgure 7.10) 
and 0.05 G for clements cracked parallel to the x axis. Elements 
o 
\,ith t\~O cracks had a shear modulus of 0.03 G attributed to them. 
() 
These values :II'C probably a little too low hecausc the length of 
specimens lA and IB is 250 mm but thc mean crack spacing in test 0.3(M) 
is ISO mm. The averaged shear stiffness from this analysis is stil1 
highel' than that obtained from test 0.3(M) (Figure 7.12) but is much 
closer than before. 
It is also possible that the shcar stiffness of the uncracked parts 
of the 5 lab is lower than has been as sUllled here. Biaxial slab 
rdllforcemcnt providcs a restraint to shrinkage and thermal contract ion 
in the concrl'tc. This may result in internal microcracklng throughout 
the slab ;md hence a reduction in the shear stiffness ovcr and above 
t hilt ,';lllSl'd by the primary tClIsi Ie cracks. Without more uetai Is oj' 
test (L~l~1) <Ill)" further deVelopment of this analysjs was not cOlIsiuervd 
to be wo rt 11\\'11 ill'. 
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C II APT E R E I GilT 
SUMMARY CONCLUSIONS AND RECOMMENDATIONS 
8.1 Introduction 
There is very little existing information about the non linear 
behaviour of cracked reinforced concrete under shca'r 10aJing. A study 
of the in-plant' shear stiffncss of reinforced concrete slab clements 
cracked in tension has been made. The results should allow a morc 
;lccurate mode 11 ing of the behaviour of certa in types of reinforced 
concrete structllres to be carried out. 
This l'cSL';tl'ch has been restricted to the study of a concrete clement 
with a single crack p:lssing orthogonal to the reinforcement. Secondary 
reinforcement parallel to the plane of cracking was not used. The 
internal IllCcl1:lllisms of aggregate interlock and dowel action were first 
examined scp3rately and then the combined effect in reinforced 
c()ncrctc lI'as studied. A detailed prcsentatiol\ of these tests appears 
III Ch:lptcrs :;. ,1 ;Jlld 5, ~llld :J discllssion of the reslllts in Chapter (), 
In this Chapter a precis of the important findings is given tor,cther 
Idth a discl1ssion of the potentia1 usc of the results allLl recommendat: ions 
for furt her I'esc;! n:h. 
s.~ Agrrcgatc interlock _-Y..~:_.~~ ~_ .. ~ ___ .. __ • -------___ . __ 
The aggn'g:ltc interlock tests were carried out on specimens which were 
l'},;ll,:kcd in Jircct tension, as might occur ill a real structure. Thl' 
t~~st rig 1V:1S dL'siglled so that tho force no rill:! I to the pl:1l1e of crackini'. 
L'ould be contl'olled during shoal' loading. The shear loadin!', wa:; appl ied 
imlllcdiately adjaccllt to the tensile crack, so that shear failure of 
the uncrackcd p:lrt of the specimen \."as unlikely to occlIr. The following 
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points were observed. 
(1) The results of the aggregate interlock tests were found to be 
repeatable and the trends observed had very little scatter. 
(2) The aggregate interlock shear stiffness was found to decrease 
with increasing shear slip of the crack. 
(3) Increasing the initial crack width causes a reduction in the 
overall shear stiffness and in the ultimate shear stress. 
(4) When shear slip occurred there was always a tendency for the 
aggregate particles protruding across the crack to override and hence 
for the crack to widen. 
(5) An increase in the direct stiffness of the specimen normaf to 
the plane of cracking resulted in a reduction in the tendency of the 
crack to widen with shear slip. It also resulted in an increase in 
the shear stiffness and the ultimate shear stress of the cracked 
specimen. 
(6) A change in the strength of the concrete from 35 N/mm2 to 
55 N/mm2 did not result in any significant difference in the aggregate 
interlock behaviour. 
(7) There was no significant difference in the mode of behaviour 
between specimens with small or large initial crack widths, other 
. than that discussed above. 
An important experimental consideration which became apparent in these 
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tests is the need to measure rather than to estimate the axial 
restraint to crack widening when debonded reinforcement is used in 
aggregate interlock tests. The bedding in effects at the ends of the 
reinforcement reduced the axial stiffness .to up to 50\ of the 
calculated value. 
Several conceptual models for the aggregate interlock mechanism were 
considered. The shear friction model assumed that the two crack faces 
were rigid and hence shear slip could only occur if overriding of 
the crack faces also occurred. This model was rejected on the grounds 
that a realistic simulation of the crack face was too complex and 
that the predicted results provided a poor qualitative fit to the 
. test results. 
The two phase model proposed by Walraven (42) gave a much closer fit 
to the test results. This model considered concrete to consist of 
rigid spheres of aggregate, with a range of sizes and embedment 
depths, located in a softer cement paste. Shear slip caused both 
crushing of the cement paste and overriding of the crack faces. There 
were two important limitations to the validity of the model. The 
cement paste was assumed to be a perfectly rigid-plastic material. 
which is improbable. Secondly, contact between any two rigid 
aggregate particles protruding from opposite sides of the crack was 
not considered. In spite of these drawbacks the model predicted 
quite closely the non-linear shear stiffness of the aggregate interlock 
specimens and the tendency for the crack to widen as shear slip occurs. 
8.3 Dowel action 
The dowel action specimens were similar to the aggregate interlock 
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specimens and shear loading and axial tension was applied in the same 
way. This permitted a direct comparison between the test results and 
those from the aggregate interlock and the reinforced concrete tests. 
The following trends were observed from the dowel action tests. 
(1) The ultimate shear stress and the shear stiffness of the dowel 
action specimens was typically between 25% and 50% of those of 
aggregate interlock specimens. 
(2) The shear stiffness of dowel action specimens decreased with 
increasing shear slip (cf 8.2 (2)). 
(3) An increase in the diameter of the reinforcing bars resulted in 
a higher shear stiffness and ultimate shear stress. 
(4) An increase in the initial crack width and hence the axial 
stress in the reinforcement, resulted in a decrease in the shear 
stiffness and the ultimate shear stress. 
(5) Altering the strength of the concrete from 35 N/mm2 to 55 N/mm2 
did not significantly influence the behaviour of the specimens 
(cf 8.2 (6)). 
(6) Although the number of specimens tested was quite small, the 
experimental scatter in the test results was quite small and test 
results were repeatable. 
Two models of the behaviour of the dowel action specimens were studied. 
The beam-on-an-elastic-foundations (b.e.f.) model has been used by 
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several researchers (34, 43, 47) to describe the behaviour of dowel 
bars. The main difficulty is in determining a foundation modulus 
to represent the stiffness of the concrete. This modulus will 
diminish as the concrete is damaged, either by shear displacement or 
axial extension of the reinforcement. The extent and effect of this 
damage is difficult to quantify. Using a typical value for the 
foundati'on modulus determined by Paulay (29), the b.e.f. model 
predicted quite closely the initial shear stiffnesses of the dOWQl 
action specimens. In the absence of further data it was decided not 
to modify the foundation modulus for the specimens under combined 
axial tension and shear loading. 
It' is probable that the crushing of the concrete beneath the reinforce-
ment is too complex to be modelled exactly in a deterministic way. 
Any void or a hard spot immediately beneath the bar would have a 
large influence upon the failure of the concrete in compression (74). 
An exponential decay function was selected as a suitable empirical 
expression describing the behaviour of the dowel action specimens in 
the region between the initial response, predicted by the b.e.f. 
method, and the ultimate failure, obtained by plastic analysis 
(equation 6.5). 
The b.e.f. model could not predict the behaviour of the dowel action 
specimens after damage to the concrete started to occur. The 
assumption was then made that ultimate failure occurred due to flexural 
yielding of the reinforcement at a point remote from the crack face. 
A plastic analysis provided a close estimate of the ultimate shear 
strength of dowel action specimens both with and without superimposed 
axial tension in the reinforcement. However, further tests are 
necessary to confirm the validity of this model. 
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The conditions under which the dowel action specimens were tested 
were probably more simple than would be encountered in a real structure. 
The model does not represent ultimate failure due to tensile splitting 
of the concrete. This is usually the mode of dowel failure in a beam 
and could also occur in other situations. Nor does the model 
represent the situation where the crack is not normal to the dowel 
reinforcement. This would be expected to produce a lower dowel stiff-
ness if the crack were so oblique that the support to the reinforcement 
adjacent to the crack was reduced. The contribution of the axial 
force in the reinforcement to the shear stiffness across the crack 
would also need to be included (see Figure 1.1). 
8.4 Reinforced concrete 
The results of the reinforced concrete tests showed that the effects 
of local bond upon the behaviour of the cracked specimen under shear 
loading were substantial. Overriding of the crack faces caused 
tensile stresses in the reinforcement and hence a gradual breakdown 
in the local bond between the concrete and the reinforcement. This 
in turn caused a reduction in the normal stiffness restraining the 
crack from widening and hence in the shear stiffness due to aggregate 
interlock. 
The strength of the concrete was also observed to affect the local 
bond. Hence the shear stiffness of reinforced concrete specimens 
was more sensitive to variations in the concrete strength than either 
the aggregate interlock specimens or the dowel action specimens. 
It was thought initially that local bond would also affect the shear 
stiffness of the cracked reinforced concrete specimens by restraining 
the crack from widening adjacent to the reinforcement giving a 
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crack with varying width beneath the surface of the concrete. However, 
further investigation showed this not to be so. Both the reinforced 
concrete and aggregate interlock specimens had a uniform crack width. 
This result is not in agreement with the results of other research 
workers (22, 26, 27). The difference is thought to be due to the 
different types of deformed reinforcement used. 
When the effects of local bond upon the stiffness normal to plane of 
cracking were taken into account, it was found that the stiffness in 
shear of a cracked reinforced concrete specimen could be predicted 
quite closely from the aggregate interlock and dowel action models 
discussed above. The ratio of crack widening to shear slip was also 
closely predicted. 
This result differs from the results of similar tests conducted by 
Walraven (42). He inferred that an internal strut was present in 
reinforced concrete specimens which forced the crack to widen at a 
greater rate than would have been predicted from the basic aggregate 
interlock theory. This strut was also needed to balance the 
equilibrium of the internal stress resultants. It was suggested that 
this strut was provided by interlocking of crushed aggregate, 
visible adjacent to the crack and the reinforcement after testing. 
In the current test series no evidence of an internal strut was seen. 
Nor did the test results suggest that a strut mechanism was operating. 
These differences in the observed test results may again be due to 
the effects of the different types of deformed reinforcement used. 
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8.5 Numerical modelling of cracked reinforced concrete structures 
A smeared crack approach was adopted for modelling the effects of a 
crack when using the finite element method of analysis. The tendency 
of the crack to widen with shear slip was included by adding an off-
diagonal term in the [D] matrix, relating the direct stress to the 
shear strain. This resulted in a stiffer overall structural behaviour 
and also gave a better modelling of the tensile stresses in the 
reinforcement. An empirical expression was derived for modelling the 
non-linear shear stiffness of the cracked element. 
A slab tested under biaxial tension and subsequent shear loading (37) 
• 
was selected and an attempt was made to model the behaviour of this 
slab using the results of the shear tests in specimens with a single 
tensile crack. This attempt was not very successful for two reasons. 
For mean shear stresses in excess of 1 N/rnm2 the shear deformation of 
the slab was accommodated by the formation of new diagonal shear 
cracks, and sliding across the original tensile cracks became 
insignificant. This mode of failure was not included in the finite 
element model and so the analysis was restricted to shear stress 
levels below 1 N/rnm2. The analysis still did not predict the 
behaviour of the slab very closely. This was attributed to the 
different behaviour resulting from testing a biaxially reinforced 
slab in biaxial tension, compared with that of a specimen reinforced 
in only one direction and tested in uniaxial tension. Biaxial tension 
in the slab caused cracks which tended to follow the lines of the 
reinforcement in both directions. The anchorage stiffness of this 
reinforcement was much less than in the specimens under uniaxial 
tension, where the reinforcement was embedded in uncracked concrete 
on either side of the main tensile crack. Hence the shear stiffness 
of the slab cracked in two orthogonal directions would be expected to 
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be less than calculated from the present shear tests. This was found 
to be so. 
8.6 Recommendations for future research 
An important question raised by this research is that of the effect 
of local bond between the reinforcement and the concrete upon the 
shear stiffness across a crack normal to the reinforcement. It was 
evident from the aggregate interlock tests that the stiffness normal 
to the crack, restraining it from widening, had a major influence on 
the aggregate interlock shear stiffness. This stiffness is usually 
provided by the reinforcement anchored into the concrete on each side 
of the crack. It has been shown in previous research (5, 69) that 
some deformed reinforcement under anchorage loading causes internal 
crack initiation at each reinforcement rib. Other types of deformed 
reinforcement tend to cause crushing of the concrete in fro~t of 
the ribs or longitudinal splitting of the concrete. It has been 
recently shown (75) that the presence of transverse reinforcement 
can also influence the anchorage stiffness. In these tests it was 
apparent that some sliding of the concrete over the ribs was occurring. 
Until the nature of local bond and its effect upon the anchorage 
stiffness of the reinforcement are better understood, little further 
progress can be made on the study of shear across cracks in 
reinforced concrete. 
A second question raised by the research concerns the width of a 
crack beneath the surface of the concrete. The uniform crack width 
observed in this study was not observed by other research workers 
(26, 27). However, 'little attention has been focussed on this topic 
and experimental results are spa~se. As the aggregate interlock 
mechanism is sensitive to changes in the crack width, then any 
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variation in the crack width beneath the surface of the concrete is 
of prime importance. It is suspected that the local bond mechanism 
may influence the crack width profile as this would explain the 
differing findings. The precise relationship between the local bond 
mechanism, the type of deformed reinforcement used and the crack 
width profile is the subject of further study by the writer. 
Another area of uncertainty concerns the relationship between local 
bond stresses, internal cracking and the internal strut mechanism 
reported in reference 42. No evidence of an internal strut was seen 
(section 8.4) in this study. It is suspected that this was because 
the type of deformed reinforcement used did not initiate "Goto type" 
(22) cracks at each reinforcement rib. Kanabar (6)) repeated some 
of Goto's tests, using the same type of deformed reinforcement used in 
this study, but was unable to find local bond cracks initiated by 
each reinforcement rib. This finding supports the hypothesis but the 
topic needs further study to reach a conclusive result. 
Finally, the study of shear transfer across cracks in reinforced 
concrete needs extending to include more complex situations such as 
cracking oblique to the reinforcement, cracks and/or reinforcement in 
two directions and the possibility of additional diagonal shear cracking, 
before the results can be used to predict the expected behaviour of 
real structures. 
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A P PEN D I X A I 
Analysis of the distribution of stresses within the specimen 
AI.I The model 
A finite element analysis of the test specimen was carried out for 
the following reasons:-
1. To gain expertise in the use of finite elements. 
2. To determine why premature failure of the bonded end plates 
was occurring during tensile loading and hence to resolve this problem. 
) 
3. To estimate the shear stress distribution across the crack under 
shear loading. 
The type of finite element initially adopted was the three node, 
triangular, plane stress element. This element can only model a 
uniform strain distribution within each element and hence the solution 
t 
obtained is coarse and sometimes erratic. However its advantages are 
that it is easy to use and lends itself readily to mesh grading, so 
that a finer element mesh, giving a more accurate solution can be 
used in regions where a high stress concentration is expected. 
The concrete was assumed to be elastic, homogeneous and isotropic and 
at this stage the effects of the reinforcement were ignored. 
Al.2 Tensile loading 
In the early aggregate interlock tests it was found that in spite of 
meticulous surface preparation and bonding of the steel plates onto 
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the ends of the specimen, one of the plates would break off under 
tensile loading, before cracking occurred at the centre of the 
specimen. It was decided that this was probably due to inadequate 
flexural stiffness of the steel plates and a finite element analysis 
was carried out to determine the effects of stiffening the plates. 
Figure AI.I shows the element mesh with smaller elements adjacent 
to the end plates and the centre region than elsewhere. The central 
line of elements was given a reduced thickness and the edge elements 
in this region were given a stiffness close to zero to model the 
crack initiating slot. It was realised that this would not model 
the stress concentrations produced by the slot in the immediate 
vicinity, but it should model the effects of the reduced section at 
the centre of the specimen upon the stresses at the ends. 
The stress distribution produced in the original specimen shows 
(Figure Al.2) that stress concentrations of up to five times the 
mean stress occurred at the ends of the specimen due to flexure of 
the steel end plates. This was particularly noticeable with the 
larger end plate because, although it was much stifferJthe load 
was applied to the cantilever tips rather than in the centre region. 
This correlated with the experimental observation that it was usually 
the larger end plate which became detached. It was clear from 
observation of the failure surface that this detachment was due to 
excessive stresses in the concrete rather than a bond failure of the 
adhesive. 
A similar analysis was. then carried out to determine the effects of 
stiffening the end plates. This stiffening had to be done in a way 
which would not interfere with the existing test rig fittings. This 
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was accomplished by welding two box sections to the larger end plate 
and a channel section to the smaller end plate (Figure AI.3). This 
caused an increase in the second moment of area of six and seven 
times respectively. 
The results of the second analysis, using these increased stiffnesses, 
(Figure Al.4) showed that the stresses at the edg~s of the larger 
end plate were reduced by a facter of two. The stre'sses at the other 
end were also much nearer to unifoTIJli ty. When the end plates \'Iere 
s ti ffened in this way, no further problel1L<; with premature detachment 
wen; encountered in the tests. 
Al.3 Shear loading 
A finite clement analysis was then.carried out to deteTIJline what the 
shear stress distribution across the crack face was during shear 
loadi ng. Ini tially it was assumed that the concrete was uncracked. 
The element mesh and loading arrangement are shown in Figure AI.S. 
The results of this analysis (Figure AI.6) showed a non-unifoTIJl 
shear stress distribution around the centre of the specimen. 
This shear stress distribution was compared with an analytical result 
using the Boussinesq equation. The shear stress produced in a semi-
infinite membrane of unit thickness by a concentrated point load P 
is given (76) by 
T 
xy =~ Tf (1) 
where x and yare the lateral and vertical distances from the point 
of application of the load to the point of interest. The two point 
loads nearest to the centre of the specimens cause the shear stress 
distributions shown in Figures AI. 7a and AI. 7b. If these figures 
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are summed, the result is very similar to that given by the finite 
element analysis. Although it is realised that this is not a 
rigorous validation of the analysis, it nevertheless confirms that 
the solution given by the finite element analysis is a reasonable 
one. 
The presence of a crack in the centre of the specimen was then modelled 
by formulating a new element mesh (Figure AI.S) with a central row of 
elements simulating the c.ack. By this stage an automatic mesh 
generator had been developed to simplify the data input. The shear 
stiffness of the central row of cracked elements was then reduced 
until the displacement of the point loads adjacent to the crack was 
.' 
similar to that observed during shear tests. This was achieved when 
a shear modulus of G /100 was used for the central row of elements. 
o 
From the results of this analysis it was found that the shear 
stresses in all of the central elements was within ± 2\ of the mean 
shear stress i.e. a uniform shear stress distribution was obtained. 
This result was consistent with the measurements of shear slip across 
the crack taken during shear tests. On the early aggregate interlock 
tests the shear slip was measured at three different locations but 
the three readings were always the same. 
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A I' PEN l) I X A;'! 
A2.1 Simple bendins. 
Under bending, without any resultant axial for\.:cs, it 1.:£111 bt' .. llI''''l\ 
that a prism with an ultimate yield stress of 0)' "'.11 hu\'(' II ml'I;'l'llt 
capacity, M given by p 
. 
A2.2 
M 
P b 
(sec I II:UTl' A:'. I) 
The ultimate hcndin~! ml'nll:nt of ~l cir~ular jlrI,.!n lIllIkr ~,'lldIIHllt 
the section to he carrying the diffcn'nt t~I'{'" .1' loadill.: 
(Figure A2.2). 
lienee jf the applil'd tl'lls11c 10ao l!; 1\, tht· mt',11l ,1).1al ·.tll·-,"" P\"I 
the entire se.:tioll, Os IS giveli br 
" :: k <J S Y 
Now if 1T 
2 
whl~rc 0 <: k c' 1 
') 
'" n r" 
~ ~ , from Roark l77) 
• 0.019 
and X2 - Xl'" 0.2 ra::(l - O,O(.}9·I". l).OO.~'· 'I") 
( 1\ 
(.' ) 
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11 Similar exprcssi ons may be obtained if> (l l 
Hence for u givcn mean axial tcnsile stress ,1 • the urea!' 1\ • 1\ 
!> I ;' 
can first be determined from equation (1). Tht' angle '\ ~lIbtt"nlh"'\1 
by the segment 1\2 can then be found from l'quat ion (2) Ilnd lht' 
centroid of the st.'gment found from e(luation (3). Thl' ull imalc 
moment can then be determineu. Usinl: a numerical sulution (lI'oCt'dun-
" 
this was done for 0:: fJ anu tJ .... ,.1 • 
S ~ Y 5 ~ Y 
Thus if I 0 :: 0 y' 5 3 
Al 
1 11 1,2 
= = 3 
a :: 1.30 
M 1 p,'! 
0.572 r 
A2 
----_ .. _--_.-
Similarly if 0 
s 
~ 
.. 
.. -3 o , y 
nr1 • ".' ... b 
a '" 0.984 
Xl = 0.554 r 
• 0.09b ~3 IJ 
)' 
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If a rigorous analytical solution of the equations (1), (2) and (3) 
is carried out, a cumbersome expression can be derived for M . 
P 
However an approximate expression can be found by using an expression 
similar to that \"hich can be derived for a rectangular section prism. 
Here, 
= ~1 (1 - k 2) p,o 
where ~I is the ultimate moment capacity with no concurrent axial p,o 
force and r.1 k is the ultimate moment capacity with a concurrent p. 
mean axial stress of k.o y 
If a similar expression is assumed for a circular prism, 
~1 k = ~I ( 1 - k 2 ) p, p ,0 
~! k P,' 
1 Comparing this expression with the numerical solutions for k ::: 
M 1 P, .... 
.) 
~I 2 p,-
3 
O.HB ~3 a 
)' 
:: 0.093 ¢3 a 
y 
(cf 0.150 ¢3 a ) y 
(cf 0.096 ¢3 a ) y 
Thus equation 4 is an acceptable approximation. 
( 4) 
2 
S~c t ion. 
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